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ABSTRACT . 

This book is designed to introduce the reader to some 
fundamental ideas about probability. The mathematical theory of 
probability plays an increasingly important role in science, 
government, industry, business, and economics. An understanding of 
the basic concepts of probability is essential for the study of 
statistical methods that are widely used in the behavioral and 
social, as well as the biological and physical, sciences. The 
material in this book is written for students at approximately the 
seventh or eighth grade level. It is presumed that the student has an 
adequate background in arithmetic. l<o previous experience in 
probability is assumed. Parts of the text are in programmed form. 
-Each chapter includes problems and exercises. Chapters include: (1) 
Introduction; (2) Finding Probabilities; (3) Counting Outcomes; (a) 
Estimating Probabilities; (5) The Probability of A or B; (6) The 
Probability of A and B; and (7) Conditional Probability. Discussion 
of problems and exercises are at the end of the text. (RH) 
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PREFACE 
For Students and Teachers 



\jh^ Probability ? 

Tliis book is designed to introduce the reader to some fundamental ideas ' 
about probability. The mathematical theory of probability plays an increasingly 
important role in science, government, industry, ousiness, ard economics. An 
understanding of the basic concepts of probability is essential for the study 
of statistical methods that are Videly used in the behavioral and social, as 
well as the biological and physical, sciences. 

^ . Probability is a mathematical subject about which most people have intuitive 
ideas. It turns out thaf one's intuition cannot alvays be trusted, however. 
In any event, the problems i.recented are easily understood, and their solutions 
are obtainfible with a minLnum of advanced mathemaxical experience. 



Required Mathematica l Background . 

. The material in Part I is vrritten for students at approximately the sev- 
enth or eighth grade level. It is presumed that the student^ ha? an adequate 
background in arittoetic. ^/i*oking with problems in probability will provide 
excellent practice in handling fractions and decimals. No previous experience 
with probability is assumed. Thos students who have had an opportunity to 
study SI^G: PROBABILITY FOR INTERMEDIATE GRADES will, obviously, have a 
headstart on the ideas of this volume. For such students. Chapters 1 to 6 may 
be covered very rapidly. 

Some familiarity with the language and notation of sets is pre -supposed. 
Students v/ith no pre\ious experience with this language and notation may need 
a brief introduction. In particular. Chapter 5 uses extensively the notions 
of AUB and AflB . 

Students who are mure advanced will be able to proceed through Part I at 
a fairly rapid rate. They //ill find more challenging ideas in Part II. 

In Part II there are various sections that require some experience with 
elementary ideas frcm algebra. 
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Outline of Content , Part I 

Chapters 1 to 6. form a minimal set of topics. These topics are truly basi-c 
to any understanding of probability. Chapters 1, 2, and 3 introduce the nota- ^ 
tion and vocabulary that will be used. Here, too, ideas are presented wh-ch 
will be explored in more depth later in the text." A brief Chapter k points out 
the fact that many probabilistic judgments rely on experience or on experimental 
data# 

In Chapter 5 we are concerned with the slightly more complicated problem 
of the probability of the union of two events. That is, if one event occurs 
vith a certain probability end ,a second occurs with a certain probability, 
then what is the probability that one or the other occurs? It turns out that 
the answer to this question hinges on the probability that both occur. 

Por the special cases considered in Chapter 6, it dey,elops that the prob- 
ability that both events occur is easily found. It fellows that, for these 
cases, one may also find the iD^cbability that one- or the other occurs. 

The treatment in Chapter 6 is somewhat infomal. A more precise treatment 
of the probability of AH^ is given in Chapter ?. The material of 1:his 
chapter is a -bit mere ^...rficult. For some individuals and for some classes 
Chapters 1 to 6 might provide a reasonable introduction to probability. However, 
the notion of conditional probability (Chapter 7) is essential for much of 
Part II. Moreover, this topic is sufficiently interesting and important in 
itself that it should be included if at all possible. 

For a discussion of the content of Part II, see the Preface to that volume. 



Experiments- 

Experiments are used as an important part of the course. An attempt has 
been made to design experiments which may be carried out by a student working 
independently. If the text is used by a class of students, it is wise to 
combine the results obtained by several students (or groups of students). O^ie 
experiments provide good experience in organizing data in an efficient and 
systematic way. 

Moreover, if several students work together, data from many trials of an. 
experiment can be obtained without undue expenditure of time. In some instances, 
the number of trials suggested in the text is ins'off icient to give any good 
indication of trends. Even doing ai; orperiment a few times is valuable, of 
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course, since it gives the student a better idea about a situation than a verbal 
description can provide. However, a large number of trials is very likely to 
yield, in addition, results which indicate long-run tendencies. 

' Primarily, the experiments are^ designed to: (a) provide the student with 
data for further examination and study; (b) lead the student to obtain the 
"feel" of probabilistic situations; and (c) provide opportunities for the 
student to "guess" and, perhapr, to formulate generalisations. 

The equipment needed for these experiments is rudimentary. Coins, a deck 
of cards, dice, containers, and colored marbles (cr disks) are traditional 
items for experiments in probability. 

Extensive use has been made of spinners, which appear well suited for 
illustrating ideas in a simple and easily visualized way. Spinners can T^e made, 
purchased, or adapted from those that come with many children *s games. For 
example, suppose a spinner with 10 equal regions, numbered 1 through 10 , 
is available. It could be used, if necessary^ where one 
1 >.^A «v^/i ^ rr>.^Av^ i^called for. 



which is ^ red and ^ green i^called for. Simply 
call the 1 and 2 regions "green^, the 3, ^, 5, 6, 
7, and 8 regions "red"; and ignore spins which 
result in 9 or DO . 




Hov To Use the Program 

Parts of the volume are in "programmed" form. This allows the text to be 
used for indlividual study or to be used at different rates by different class 
members. It is also possible to use the book as a regular text, supplementing 
the material by class discussion and using the exercises as out-of -class work. 
Unless the book is to be expended, each student should have available separate 
paper for recording responses and doing scratch work. 

There are two types of prograinmed items in the text. 

In some places there are items which contain blanks ."^ The blank is to be 
filled in or ths response recorded and then checked with the correct response, 
which is given ett the left of the item. 
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iV)r example: 

5 ' 't' 



i. ' The sum of 5 and 6 is 



2' i+i 
2. 2 + 2 



3 + 5 ^ 9 



"4 



In Item 2, a box has been used to show that the numeretpr of the fraction 
is to be supplied. However, the entire fraction is recorded in the resp^se 
column. *This is because we want to show the complete answer, and not just a 
bit of.it. In Item 3, the response is cued by bhe symbols written under the 
blank. Cueing of this sort is used to prevent a misunderstanding of what ^ 
response is wanted. 

It is helpful to cover the response column with a piece of paper or a cai^ 
while the response is made. In any case, the response should be written before 
it is compared with the one provided. A wrong response should be corrected 
before proceeding. 

There are also multiple -choice items, like Item h. For each of these, 
indicate the letter of the response chosen. The choice should be verified by 
reading the discussion below the item. 



k. In which of the following is there an error in 
addition? 

[A] 5 + 7 + 13 = 25. 

[C] 3.2 + 1 + .7 = ^.0 . 



[A] and [b] contain no errors, but in (C] the sum is 
U.9, which is apparent if the sum is written 3-2 + 1.0 + 0.7i 
Tl^erefore, you should have chosen [C] . 
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Each .chapter contains se-bs of exercises, the exercises provide practice 
in applying the ideas tbat have been developed. Some of them are designed to 
produce deeper insight^^^till others offer hints as to the material which will 
follow. The more difficult exercises are marked | . Section 7-5, in particu 
lar, contains three interesting and challenging problems. Section 3-i|, while 
not difficult, is optional. 

\ \ 
) 
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PART I 



Chapter 1 
INTRODUCTION 



1-1 • Uncertainty 

^ Some events ere certain. If you go swimming, you are ccx-tain tc get wet. 
If you selecl^a boy from your clnss, you ore certain to find that he is more 
than 5 yeers"^ old . ^ 

Some events are net certain. Wo use words like "probable*', "likely", 
"unlikely", in talking of them. For example, a weathermap makes a forecast 
of the future weather. His forecast, "Rain", is actually the statement, "It 
will probably rain." Similarly, you may predict ihr^t "The Gveen Shirts will 
win the pennant." but what you mean is; "It!* it is likely that the 

Green Shirts will win the penr.f^nt. 

We often must make decisicns alput what tc in situations where we 
cannot be certain of whet will hopptfu. Veiy ..ften these deciolons haye to be 
made by "weighing the pros and cruns" and finally choosing one of two or more 
alternatives. The phrast- "v^elghing the pros and cons" Is used at this point 
for a special rec^.u. Ordinarily when we weigh something we measure it — 
we assign a nu;ner\c-al vaUa- to o characteristic of it which we call weight. 
When we "^-eigh the pros and ocn?/' ore- trying in our minds U give a numeri- 
cal measure to the circunstanovs which are "fDr" one alternative and compare 
it with a numerical measure of these- "'agoinst" the alternative. If ve can 
assign na^erical valuer tc the prti: and c^v.^, we feel happier ab ut cur decision 

We are in a supermarKet, nave 'collected our grocerier, in a basket, and 
push the basket t- wnrd the cnirh regi^^ters. V/liieh line do we pick? We try to 
make a numerical deciraon we CMinl pc pl'r, estimate the number of packages 
in their baskets, and then choose a line. 

Here is another mathemetictl de -i. in th^ sux>emarket. TJie manager 
watching over the store sees the linen at ♦hi caf.h registers getting longer 
end longer. A voice over the interc^zm s'c^y.: "Clerk A to Gati- Y, Clerk B 
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to Gate 8." Ttii^ manager may ^now^/rom experience how long the lines should 
be before another man is sent to the cash registers. Notice he counts the 
customers. His decision is based on numbers. 

• Here is a set of paired statements. WlUch statement of each pair tells 
more.?* 

1. (a) I think Bill is a better better than Tom. 

(b) I think Bill is a better batter than Tom. Bill's batting 
^ average this year ia .3OO and Tom's is .19O ^. 

2. (a) I think 'home room 20? will beat homeroom 112 in today's game, 
(b) I think homeroom 207 will beat homeroom 112 in today's game. 

Homeroom 207 has won five of its seven games' whii^e 112^ has 
won three Qi^t -'of^seyeiT. ^ 

3. (a) Weather To recast:* rain tomorrow. 

(b) Weather forecast: 80?^ chance of rain tomorrow. 

4. (a) Dr. A: "Try this remedy for your sunburn. It may ^elp you." 
, (b) Dr. B: "Try this remedy* for your sunburn. It has helped 6 

out of 7' patients who have tried it." 

You have probably noticed that in each pair of statements the secor^ 
would be more helpful, because it gives you more definite information. In 
each case, the additional information involves numerical measures -of some 
^ort. You should realize, however, that the numerical information given does 
not make the conclusion certain. Tom may haVe played all year with a sore 
arm, the^better team does not always win, itl may not rain, and the remedy 
may not work for you . * ^ * _ 

In probability we shall study systematic methods of weighing pros and 
cons. Although we cannot change an uncertain future to a certain one, we 
can'^^metimes compare likelihood^ of various occurrences. 

One of the objects of this course is to learn how to assign appropriate 
numerical measures to uncertain events. TFiese measures will be calleSl 
probabilities : 

fn^ study of probability has many practical uses. For example, federal 
and state ^cvornmentc use probability in setting up budg*?t requirements; 
military exi>erts use it in raking decisions on defense tactics; scientists- 
•use it in^re£(Sorch and s''udy. Engineers use probability in designing and 
manufacturing r.eliable rasrhlnes, planes, and satellites; bubiness firms 



use tt to help make difficult management decisions; it is the main tool of 
the insurance industry in deciding on premium rates and on size of benefits. 

We will use as illustrations several- examples of games of chance, 
employing such familiar objects as coins, dice, and playing cards. The 
examples have been chosen since they are fairly simple to understand. VTe 
all have some intuition about the "chance" of throwing a head when a coin 
is tossed. The practical situations indicated in the preceding paragraph 
ai« too complica^bed for the present, although we will mention some special 
problems from these fields of application. 

^ It is of interest that, historically, the mathematicaj. theoiy of prob- 
ability arose from the consideration of gambling games. 



1-2. Fair and Unfair Games 

Suppose that we decide to play a game for two players in which the 
outcome depends upon chance, not skill. We agree that the game is fair if 
each player has an equal chance of winning. For the time being, we will 
assume that you have an intuitive^ idea oi what we mean by "equal chance". 

How may one decide vhether-a game is fair? Sometimes careful thinking 
about the .rules will enable us to dec!ae. Another possibility is to play 
the game many times, keeping track of the results. This maj^ give us a "feel" 
as to'vhether the particular game is fair. We would expect that if a game' 
is grossly unfair, seve /al trials might indicate that fact. If a game is 
almost fair, it may take lengthy experimentation to discover that fact. For 
some of *the games descjribed in Section 1-3, you may wish to conduct, say, 
20 trials to give you a clue as to whether they are fair. 



1-3. fcviercises ' (Answers on page 125 . 

Her- are some games to think about. For each game a rule is given which 
tells whether you or your opponent wins. If. neither wins, the game counts as 
a tie. Decide whether each game is fair. 

1^ Here is a list of games played by two players with o die having six 
feces, numbered l, 2, 3, h, 6 , 

(a) The die is tested. You win if a 1 is thrown. Your opponent 
wins if 0 3 thrown. 
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(b) You win if an odd number is thrown and he wins if an even number 
is thrown. 

(c) You win if 3 is thrown and he wins if a number greater than 
3 is tihrow.* 

2. These games are played by tossing a die with "1" on one face, 
"2" on two other faces, and "3'' the three remaining faces. 

(a) You win if 3 is 'thrown* Your opponent wins if 1 is thro^.'n. 

(b) Ycu win if 3 is thrown ^d he wins if any number less than 
3 ^5 thrown. 

j(c) You win if 2 is thrown and he wins other^^'ise* 

3» S^re are some ganes played with two ordinary dice, one red and one 
green. ,Both dice are thrown. 

(a) You win if 1 is thrown on each die. Your Opponent wins if 
5 is thrown on each die. 

(b) You win if there is an even number on the red die and he wins 
otherwise - 

(c) You win if 6 shows on the red die and he wins if U shows on 
the green die . 

(d) You win if 1 is on esch die . He wins if one die has 1 and 
the other 2 . ^ 

(e) You win if the na^nber on the red die is greater than the number 
on the green one. He wins otherwise. 



Jjet us summarize • We have used the idea that a game played by two 
people (or teams) is fair if winning is as likely as losing. "Winning*' 
means that particular events cccur^ "losing" iueans that other eventc v>ccur. 
You** cannot both win and lose. 

Consider throwing an ordinary die. 



is 



are 



less 



1. Tlirowing a specified number 



just as 



(is, is not) 
likely as throwing any other specified number. 
(Example: 6 is o^st as likely as 3 .) 

Throwing an odd number and throwing an even number 

' equally .likely eventjj* 
(are, are not) 

Throwing a specified number is likely 

then not throwing it. 



(more, less) 
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\ \ Someone proposes that you play a game in which you win if a 1* is 
thrown with an ordinary die, and he wins if o number greater than 1+ is 
thrown , -\ 

You say, "This game would be unfaii', but let us change it to a fair 
game." 



Which of the following are fair games? 

[A] You win if the throw is either U or 5 . 

He wins if the number thrown is greater than h 
You win if the throw is k or less. He wins 
if the throw is a number greater than h . 
You win if the throw is either 3 or U . He 
wins if the throw is a number greater than h . 



[B] 



fcl 



If you rhose [A] , you were probably thinking that 
throwing U or 5 is just as likely as throwing 5 
or 6 . That is true^but suppose you throw 5 ? You 
would se^^m both to win and lose, which is impossible. 
The "rules" are contradictory. In game [B] , you are 
more likely to win than your opponent. (You might try 
it by playing it 20 times.) Hence this game is not 
fair. Game [C] is fair, because throwing 3 or h 
is just as likely as throwing 5 or 6 . 



An Experiment ; Thro^'ing a Die 
Throw a die and recoia which face is up. Repeat until you have made 
100 trials of this experiment. For convenience in counting, record the 
numbers in blocks of five, with five blocks to a row. For example, the first 
row might look like this: 

2 1+13 1 6 k ^ < 5 ^6563 2 2^ 2 2 2 1 3 5 5 
When you have recorded ell 100 numbers, look at them carefully. Here 
are some questions to think about. Tliey ere discussed on page 119 • 
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How many I's are there in the first row? How many 2»s? For the 
first row, record the frequency of each number (that is, the number of 
times it occurs). 





Number on die face 


1 


2 


3 


k 


5 


6 


Frequency, first row 














Frequency, second row 














Frequency, third row 














Frequency, fourth row 














Total 















2. Repeat for the secor.d, third, and fourth rows. 

3. Out of 100 throws of a die, what fraction do you ^expect will show 
1 ? Show 2 ? Now record the frequency of 1, 2, 3, 5, 6 from 
all of the 100 throws. 

4. ' You may find one digit repeated several times in succession. Find 

the longest such run of a single digit. How many triples of like 
digits? How many pairs? 

5. How many times do ycu find two successive digits in numerical order 
(e.g., 3 followed by k )'i Do you find any instances of three or 

'more digits in order? 

6. Examine your 100 throws by considering them as twenty groups of five 
How many groups show three or more digits the same? 

*• 

^ Save your results of t^is experiment. We will refer to them later in 
the course. 

7. Here is the record of 25 throws of a die. Comment. 

2^3 333 33322 12133 33213 23231 



You have Juct done an experiment with a die. If you think about^an 
honest die one which is not "loaded" you see no reason to favor one 
face over another. It seems reao.nablc to suppose, then, that approximate! 
g of the roc throwr>, or about 17 throws, will result in a 5 , for 
BX^mpie . 



Suppose someone suggests a game which you think is fair. You play it 
100 times. You win times and lose 55 times. You would probably feel^ 

quite rightly, that- this is reasonable enough. You do net expect tc wiVi 
exactly 50 times . 



iVyAfter 100 plays of a game using a die you have 

lost 95 times. Which of the following conclusions 
is the most reasonable? 

[A] The game is fair. You have had a run of poor 
luck. 

[B] The game is -fair. If it is played 100 more 
times, you will win most of them. 

[0] The game is not fair. The evidence of 95^ 
losses out of 100 plays is convincing. 



[B] 'is the only really incorrect choice. If the game 
is fair you should only expect to win about 50 of the 
next ICO plays. [A] is a possible conclusion, but as 
you study more about probability you will discover that 
such a run of bad luck in a fair game is extremely 
"improbable". We cannot prove that the game is unfair 
by conducting 100 trials but [C] is the most reas- 
onable conclusion. ^ 



FINDING PROBABILITIES 



2-li. Experiments ; Drawing a Marble (See p. 120 for discussion.) 

!♦ Taker's marbles, one red, one green, one yellow, all the same size. 
Place them in a Jar or a box that you can't see through. Mix them. 
Draw one marble and record its color. Return the marble to the container. 
Repearti the experiCiOnt until you have drawn 12 times in all. Approxi- 
mately how many times did you expect to draw each color? 

2. Again \Se 3 marbles, but this time use 2 that are white and 1 that 
^ . is black. Repeat the same process as in the first experiment, recording 
again the color of each draw. Did you expect approximately the same 
number of whites as blacks? 



^2-2. Assigning Probabilities ; Some Preliminary Ideas 

In the first experiment in Section 2-1, there is no reason to suppose 
that on any draw one color is more likely than another. 



1. 


For each draw, then, we 


have 


possible o^utcomes — 




red, green, yellow. 




y 

equally likely. 


2. 


These outcomes 






(are, are 


not) 





As suggested in Chapter 1, ve-^want to tise numbers to express such ^ideas 
as "more likely", "equally likelv" . 

V J 

Thus we^alre going to assign to each outcome a nonnegative number — the 
probability of the outcome. We shall use the symbol 

P(red)' 

to stand for the probability of getting red on £ draw . Notice that P(red) 
is tfie symbol for a number. 



potability 
green 

P,(yellow) 



3» Similarly, P(green) is a number* It is the ' 

of getting on a draw* 

k. The probability of getting yellow on a draw will be 

written • 



P(red), P(green), P(yellow) are all numbers * So far we have not said 
what these numbers are* However, if they are to fit with our ideas about 
what is likely, we can see that just any numbers will not do. 

We want th? probability of an outcome to be a measure of its likelihood, ^ 
Just as the weight of a block is a measure of its heaviness. It seems reason-^ 
able to require, therefore, that: equally likely outcomes have egual Erob- 
^ abilities 

Since red, yellow, green are equally likely, we agree that P(red), 
P(yellow), P(green) ' should aU be assigned the same number* 

'This does not teU us what P(red), P(yellow), P(green) are. Think abo^t 
what numbers you would choose* Then read on. 

V * It turns out {for reasons which you will see later) that we assign to 
each of the outcomes red, yellow, green the probability j * Thus 



P(red)* =- 
P( yellow) =.i" 
P(green) = y 



1 

3 



1 1 

3/3 



5* That P(red) - ^ may seem reaso-iable to you if_you 



think of "red" as being one out of 
outcomes . 



equally likely 



6* That P(red) = y is consistent with the fact that in 
the experiment we expected red about of the time. 

As you go on you will see. another reason that we decide 
that P(red) = j . 

7, Of course the same ideas help justify the fact that 
P(green) = and P(yellow) = . 



10 

20 



Here is a spinner, with half its area red and half white. 



1 
2 



vmite 




Red 



By the same reasoning as above, 
P{red) = P{ white) = . 



Let us next consider finding probabilities of events connected with 
throwing an honest die. 



six 



six 



likely 



1 
1 



9. A die is a cube and so it has 



faces . 

possible 



10. When we throw the die, there are 

outcomes . 

11. We suppose that the die is honest. Hence, that it 
will show h , for instance, is one of six" equally 
possible outcomes* 

12. The probability of each of the six outcomes is 
the number . 

13. ^'or example, = . 



The simplest possible experiment in probability has to do with tossing 
a coin. Suppose we have a coin wh5ch is perfectly balanced, not weighted in 
^* any way. (Such a perfectly balanced coin is called an "honest" coin.) We 
toss it and let it fall freely. 



tail 



lU. When the coin comes to rest, either a head or a 
will show. 



For an honest coin, the two outcomes are equally likely, and hence have' 
equal probabilities. 




11 



Suppose you toss an honest coin five times and it shows a head each time. 
What is the probability that the coin viU shov a tail on the next toss? - Some 
people believe that the probability changes from one toss to another • Not so! 
The probability that the coin will show a head remains ^ for each toss. It 
is not tru? that if an honest coin shows a head on the first toFS it is more 
likely "to show a tail on the second toss. 



1 



1 

2 
1 
2 



15, If an honest die Has been thrown 25 times and has 
noz shown a 6 , the probability that it will show 
a 6 on the next throw is . 

16. If the 2-color spinner in Item 8 has shown red on 
ten spins, the probability of its showing red on 
the next spin is , and the probability of its 

showing white is . (We assume that the spinner 

is honest.) 



Later you will learn more about situations in which you repeat the same 
action (like tossing a coin) many times. 

IJow let us think about the second experiment in Section 2-1. In this 
experiment, we have a box containing 3 marbles, all the same size, of which 
2 are white and 1 is black. One marble is picked withou^ looking into the 
box. 



1 

3 



17. The likelihood of picking any one of the three marbles 

is the same as that of picking any other. We can 

think again of equally likely possible 

(how many) 

outcomes . 

18 • Choosing a black marble is one possible outcome, and . 
just OS before it is reasonable tnat 

P(black) = • s 



19, What is the probability of drawing a white marble? 

[0] You can't be sure. 



[Bl I 



12 . 

22 



Drawing white, our experiment suggests, is twice as likely 

as drawing black* So it is reasonable that if 

P( black) = J then P(.white) is | . Hence [B] is-correct. 



Nrtice that we can think about P(white) in another way. 



1 

3 

1 
3 



1 4. 1 ^2 
3 ^ 3 ' 3 



20, We get white whenever we draw either of the white 
marbles. The probability of drawing one spe^cific 
white marble is , 

21. The probability of di-awing the other is also 



22. It seems reasonable that the probability of drawing 
one or the other is , or 



For any ordinary die, let us find the probability of throwing an even 
number • 



6 



1 



23. We throw an even number whenever we throw 2 , ' , 

or ^ 

2k, As we have seen (item 12) 
P(2) = ?{k) = P(6) = 



Look back at your results in Experiment I-5. Did you throw an even 
number about half the time? This is what yoiT would expect, since you would 
expect to throw 2, k, 6 each ebout ^ of the time. 



are 



1 

2 



or — 



3 



25. P(2) + ?{k) + p(6J 



26. Note that on a throw of a die "odd" and "even" 
equally likely. 

(are,are\not) 

27. Each ha^ probability . 



28. For a Ale, the probability :)f throwing a number less 
than /s is . 
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P(l) V P(2) 



29. Tlii4 is clear because the only numbers; less' than 3 
are 



30. By 



1 and V 
he reasoning, above: 

P(less than 3I = P( ) + P( ) 



■t 



Events that are Certain to Occur 



^ Lain,lefus consider ^ box with 3 barbies", bu^ ;tK£s time let us suppose 
' that/all -a'r^ white. .If you drav once, what %h#prbbability of drawing a 
whltfe marble? Think about this, and then read on. , .. ■ • 

Drawing a white marble, in this case, is certain. If you use the.ideac 
iuLstrated in Section 2-2, you recognize that it is "reasonable to say: An 
evfent which is certain has jprobability 1 . 

If you draw a marble from a box containing only white marbles you get a 
white marble all (lOO^t) of the time. In this case we say: . 

p(white) = 1 



1. When you throw a single die, the probability of 
getting less than 7 is 



We have said that the probability of an event is a measure of its likeli- 
hood. You have used the idea of measurement in other situations in wortin< 
With lengths, areas, volumes, etc. . , 

Just as in the case of other kinds of measurement, ve need to choose 
some sort of unit of measure. Ve' do this when we decide, once and for aU: 
if an event is certain to occur . then its probability is 1 • % 



6 



Recall that when a die thrown there are ^ 

possible outcomes. 
All ore equaUy likely^*: Hence 

P(l) = P(2) = P(3) = P(^) = P(5) • . 

Suppose we had not already decided what number P(l) , 
for example, should be. 



> 



^^^^ 



m 



1 



3. 



We could reason: 

I^(nuinber less than 7) = P(l) + P(2) + P(3) + Hh) 

+ P(5) + P(6) 

(Look back at Items 22, 25, 30, of Section 2-2, if 
you don't understand.) ^ 

Thus by adding 6 equal numbers we get 1 , 
since P(nuinber less than 7) = _. 

We see: P(l), P(2), etc., must all be , because 

P( number less than 7) is 1 • 



Here is another spiaaer. Its entire orea is 
white. The X region has an area 3 times that 
of the Y* region. 




1, certain 



1 

IT 



P(X) is _ 
p( whitest _ 



times P(Y) • 
, since you are 



It seems reasonable to say that: 
P(Y) = , 

P(X) = 



to spin white. 



Then P(X) + P(Y) = - » which is consistent with 
Item 6. 



Here is still another spinner. Regions 1, 5, 6 all have equal 
areas, and each of these regions is ^ of the circle. 



1 

5 

15 



s 


• • J 


We are told that P(-2) . 


{1 






■# 


Q. We exiJect, then, tiiet re§ 


-iin 2 covers 


of the 




* 


circle. 

in. Wliat is ? V__ 










1 5^ 



If you had trouble :with Item 10, complete It^^ms 11 tS Ih. If not, you 
nay*"oniit them. ^ . . . . ' * 



^5 



2^ 
15 

15 



1 

15 



ll. All together, regions 1, 5, 6 ^ cover 

- of the circleT ^^ + 5 + 1 + 5"^^=^^ 



12. There remains 

13. Hence P(3) = 



of the circle for region 3 



lU. We might also think: The prol5abliities of all fhe 
outcomes must add up to • Hence 



11 
15 



+ ?(3)'= 1 
P(3) = 1 



Thinking again of the box wUh 3 white marbles, ve asH: phat p the^ 
probability of drawing a \lack marble? 



jit 



1^. The probabllUy is: 
[A] 1 



rou canH dn^v a Hack marble from this box. It seems 
reasonable say, therefore, that the probability of 
dru-.lng U^ick marble i« n , 30 [C] Is correct. You * 
cnn th' If you dr*iv a inarblt' from this box, replace it, 
-Ir"-. 'itr-iin repeating many times you will get a bl^ck 
m- .tie 0 times. 



\ 
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Consideration of Item 15 leads to make another Agreement: an 
Vhich cannot occur has probability 0 . ^ 



event 



16. The probability that' your birthday is, on Feb*ruary 31^ 
is . . , 

1, . If yoxy'throw an ordinary die, the probability of * 
getting 7 is . 

^ Y' ■ ■ ■. 



Outcomes of an Experiment 
Let us suppose we have a spinner marked *as shown: 



BLUE 




The red X , red Y , green Y , and blue X 'regions all have the same area, 
\i The blue Y region has' area twic'e/that of the blue X . • 



l)lue Y 



blue Y 



1. If you, spin .this ^ spinner, you are certain to get one 
of the following: " 

;-red X , red Y , green I , blue X , or / 



2. Hot all are equally 'likely. In fact, the most likely 
of them IS 



• Suppose you are playing a game with the' spinner above. You win if red 
is spun, lose if green is spun, and tie if blue is spun. 



3. 


Is this a. fair game?' 






lA] Yes 


[b] No 



In this game you have an advantage, so [b] is correct. ' 

Spinning red means spinning red X or red Y . Spinning 
red X is as likely as green Y , since the red X and 
green Y region's' hnve the same area. Spinning red Y is 
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also as likely as green Y . You vould exj.ect to win about 
twice as many tirnes as you would Use if you played this 
game many times. 



. - In analyzing complicated situations it is useful to have some special 
'^enn^ 

"^Let us consider the spinner above. Spinning once is an example of an 
experiment * ^ 

Before we perform the experime..c, we can give a set of ,possiole outcomes, 
or 8lBg>le events , that can result: (red X , red Y , green Y , blue X , blue Y] . 

YOU may ask. "What if the spinner stops on a linef True, this might - 
be listed as one possible outcome. We will always suppose,'^ however, that if 
the spini r stops on a line we spin again unt^^this does not happen. , 

When you perform the experiment, using the rules set up for it, you are ' 
certain to get exactly one outcome out of the set of possible outcomes. 



tail 



5, 6 



Here are other examples. 

Experiment; Toss a coin. 

Possible outcomes: head, * 

5. Experiment: Throw a die. 

Possible outcomes: 1, 2, I, ^, 



Let us suoDCse, now, that we have decided to use, as a set of possible 
outcomes for the spinner, (red X , red Y , green Y , blue X , blue Y) . Suppose 
we are interested, as in ti;e game above, in the likelihood of spinning red. 
Red is not one of our outcomes listed. We have red whenever we have either # 
outcome red X or outcome red Y . 

We shall speak of "red^» in this case as an event. The event "red" occurs 



event "red" with 


the 


set of outcomes 


(red X , red Yl . 




6. 


Similarly, the 


event "blue" is the set 


blue Y, 2 




(blue X , 


1 J vhich contains members. 


(red X ,blue X) 


7. 


T^.e event X 


is f . } . 



event 



1 

1 
? 
1 

1 

1 

3 



8. Recall that an outcome is sometimes called e 

simple • All other events are built up out 

of simple events • 



Look back once again at the spinner at the"beginning of this section. 



The probabilities of the outcomes are: 



9. 


P(red X) = 


10. 


P(red Y) = 


11. 


P( green Y) = 


12. 


P(blue X) = 


13. 


P(blue Y) = 



Notice "that in this example the outcomes are not all equally likely. 



Let us find the probabilities of some events for the sasie 
spinner. 

1^. P(red) = . Note that event red is 

(red X , red X) . 

15. P(r) = . Note that event Y is 

^ {red Y , green Y , blue Y} . 



As we see : An event is a set of outcomes * The probabilfty of ,an event 
is the Bvm of the probabilities of the outcomes in it . 

Wh^ we spin this spinner, we are certain to get a l^ter between W 
and Z • 



16. This is consistent with the fact that if we add the 
probabilities of all the outcomes in the set 
{red X , red Y , green Y , blue X , blue Y) we 
get . 



FRir 



You might ask: Suppose we are only interested in the color that we spin. 
Can- we think of -the set {red , green ,blue) as a set of outcomes of the 
experiment "spin this spinner"? We can, bjcause on a spin we are sure to get 
exactly one of them. On each spin, you get exactly one color. 

■ ■■ . «o . 

0 n 



The probaMlity of an event is the sum of the probabilities of the out- 
comes In it. . 



certain 
1 



The set of all outcomes is the event "something 
happens". , This event is . 

Its probability is , 



Consequently, the sum of the probabilities 'of all the 
members of the set of outcomes is 



Here is an example of the way these ideas can be used. 



52 



equal 
1 

52 
k 



52 ' 13 



From a regidar deck of playing cards, one card Is drawn. 
What is the probability of drawing an ace? 
(Assume the cards are well-shuffled, so that any card Is 
just as likely to be drawn as any other.) 



If we regard drawing each 'card as a different outcome, 
then the set of* outcomes has members. 

All the outcomes are equally likely. Hence their 
probabilities are . 



The sum of the probabilities of the outcomes is 

Hence each outcome has probability . 

The event "ace" contains outcomes. 



(how many) 



10. Hence P(ace) 



There is no single simple rule for deciding on the "set of outcanes and 
assigning probabilities to them."^ practice and experience wiU help improve 
your skill. \ 

It is easy, a^d sometimes very helpful, to think in terms of diagrams. 
We can think of an experiment as represented by a set of dots. Each dot 
stills for an outcome. 



21 



31 



Outcomes of an Experiment 



Each dot represents a member of the set of outcomes. 
An event is represented by;.,a set of dots. 




An Event 



An event is a set of outcomes, as shown. ^ 
We assigned a .probability - a measure of likelihood 



to each outcome. 




Assigning Probabilities 
Vmen'we assign probabilities to the outcomes, we are 
attaching a weight to each outcome. 



so to speak 



22 



sum 



.1 + .2 

or 



{a,b,c) 

.2 + .3 
or 1 - 



+ .1 , 



,k, or , 



II* The probability of an event is the 



of the 



probabilities of the outcomes in the event. 



a 




















A. 




T 


/ d 


HJ Event E/ 


/ T 


f 




.3 


1 


r 








.1 




c 








In this diagram event E 


is the set 




f) . The , 



probability of each outcome is shown. 

12. P(E) = . 

What is the probability that event E will not occurt 

13. The event, in this case, is (a, , ) . 
Ik, Its probability is * 



Suppose that for a certain experiment the probabilities 
of some of the 8 outcomes are known. They are shown 
in the diagrani 



a 


b 


c 




r 


T' 






.1 


.2 


.1 




e 


f 


g 








T 






.1 
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83 



2 + .1 , 



IS, If P(E)^= .3 y then we may be sure that 
P(h) = . 

"16. InThi¥ case; - T(g) ^ . - [Hint: What is. the s.um 

of the probabilities of the outcomes?] 



For tae diagram used in Items 15 «nd 16, . {a,b,f ) is a 
subset of the set of outcomes, and so it is an event. 



17. The probability of this event is 



18. The empty set -- sometimes written 0 is a 
subset of the set of outcomes. Hence it can be 
regarded as an event. The probability of this event 

[A] 0 

[b] You canH tell 



The event cannot occur. Hence its probability is 0 . 
We can think: There are no outcomes in the event; hence 
the sum of the weights is 0 . 
[A] is the correct response. 



Exercises 



(Answers on page 126 ♦) 



T'.'O black marbles and one white marble are in a box. Without looking 
'inside the box, you are to^ take out one marble. Find the probability 
that the marlle will be black. 

For the box in Prollem 1, find the probability Vnax the marble drawn 
will be white. 

Suppose you tosB an honest : in ) wlmes. 

(a) Are yo'i likely * ^ ge- -i 1 o^id each tim'-? 

(b) Wr.at is the >r'Aat 111'./ ^-h-tt \vm -oin '.ill show a tall on the tenth 
toss? 

(c) Does tne outcome of t-.e I'irst 9 tosses have any effect on the 
outc*ome of * tent' ")Bf>? 



U,. There ore 25 students in a class, of whom 10 are girls and 15 are 

The teacher has vritteri the name of each pupil on a separate card. 
, If the cards are shuffled and one is drawn, what is the probability that 
the name written on the card is: 

(a) the name of a boy? 

(b) your name (assuming you are in the class)? 

5. Suppose "a box contains k8 n&rbles . Eight are black and 'iO are white. 
Find the probability tliat a marble picked without looking in the box will 
be white. 

6. Using the box in Problem 5, consideAthl.s* event: Nine marbles are taken 
out simultaneously and all are black. 

(a) Is" this event possible? 

(b) What is the probability of this event? 

7* A whole number from 1 to 30 (including 1 and 30) is selected at 
random; that is, the selection is made so that ®ne number is just as 
likely to be chosen as any other. What Is the probability that the 
number selected will be a prime number? 

8. Three hats are in a^ dark closet. Two belong to Mr. Smith. and the other 
to his friend. Mr. Smith reaches in the closet and draws two hats. 
What is the probability that he will pick his friend^ s hat and one of 
his own? \ 

9. Suppose you have five cards: the ten, jack, queen, king, and ace of 
hearts. You draw them, one at a time, at random. 

(a) What is- the probability that the first card you draw iti the ace? 

(b) Assume that you draw the jack on the first draw, and put it aside. 
What is the probability that the second card you draw is the ace? 

(c) Are your answers for (a) and (b) the ;same? Why? 
After drawing the jack, and putting it aside, assume that the , 
second card you draw is the ten.j^Put that aside also. What is 



(d) 



the probability that the third card you draw is the aco? 
(e) What is true of the probabilities in (a), (b), and (c). 
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Chapter 3 
COUNTING OUTCC^ 



Coins 



i« * ':T088 a coin. Repeat until you have tossed 10 times. Rcfcord the 





M|f4 fn3«l. Experiments : Tossing One and Two 

^H^^^- ^:-3iuaber of heads and tails. How many t^aes did you have heads? Record 

0kJ^^\/':^^ vyour resxilt on each throw. 

Toss 2 coins^ a penny and a nicXel. Again use 10 




tines did you have 0 headp? Two heaus? 



trials. How many ^|^. 
One head and 1 tail? 



I' 



4' 



Would you expect the number of heads in 10 tosses of a single coin to 
be greater than the number of "two-heed" throws in 10 tosses of 2 
coins? Explain why. 

niese experiments are discussed on page 121 . 



Listing Outcomes : Tree Diagrams 

In determining probability^ we often hiave had occasion to list all of the 
possible outcomes of an experiment. 

For example^ if ve toss a single coin^ there are exactly two possible 
outcomes: heads^ which we might designate by H^ and tails^ which might be 
designated by T . If we toss two coins, wc have the four possible outcomes 
ahown in the following table: 



First 
Coin 



H 
T 
T 



Second 
Coin 



T 
H 
T 



As the number of outcomes increases^ keeping track of the possible out- 
comes is more difficult. One. useful way of listing them is by means of a 
"tree" diagram, as pictured below: ^ 



tERlC 



27 
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tails 



TH, TT 



i'irst Coin 



1, 
2. 




How many 'possibilities are there for^l^coin? 



If 2 coins are tossed, then for each possibility of 

the first coin ihere are possibilities for the 

second coin. 



If the first coin falls heads, the second coin might 
fall either heads or • 

The outcomes, which can be seen by reading from left to 
right along the branches, are: ^ KH, HT, ; • 

■nie number of outcomes is found by counting the ends of 
the branches on the right. Thus, for tossing 2 coins 
there are possible outcomes. 



If a third coin Is added, ohe number of possibilities is doubled again, 
*as is seen in this diagram: 



First Coin 



Second Coin 



Third Coin 




T 1 M' - 



n 



multiplied 



6. For 2 coins, the totel number of possible results is 

— — ' / 

7. For each possible result of 2 co^g^^^there are 
branches for the third coin. 



8, 
10* 



There are 



possibilities for 3 coins 



Thus the numbex of possibilities for 3 coins is 
times the number of possibilities for 2 coins, 

and ve expsct the number of possibilities for h -coins ' 

be times the number of possibilities foij 

3 coins • 



11, Each time 1 more coin is added, the number of possible 
outcomes is by 2. 



'-at 



Refer to the tree diagram fcr tossing j coins to help, you answer the 



following: 



THH 



a: 

'J. 



0^ 



k 



. r 

or 7? 



7 
1 

E ' 
1 

5. 



12. 



lU. 

15. 
16, 

If 
17. 

id. 

19. 

^0. 



If 3 coins are tossed, how many possible outcomes 
are there? 

Of these, which outcomes have exactly 2 heads? 

HHT, HTH, and . These outcomes are equally 

likely. 

If E is the ^vent "exactly 2 heads", the probability 

of E is . (Hint: There ere 8 possible 

cutccmes, of which 3 are in the event.), 

Hww many c ut comes of tosSlng 3 coins have at Iviast 

2 heed£? ' ' 

— ^ 

If F is the event "at least 2 heads", then - 

P(F) = . 

'i coins are tcsced, the pr'.babiiity ^f: 
exactly c ne hvad 1.*; ; 

at least one head is ; 

no heads is ; 



three heads is 



|,fr|c 



2<i 



58 



We have found thnt, in coirt-itossing, each addition of a coin to the 
experiment multiplies the timber of outcumes by Hence we can write the 
following table: 



Kumber of Coins 
1 



10 



V 

2 • 2 



Number of Outcomes 
2 • 2 =: 2^ = 1* 



2 =: 2^ = 8 

. 2 =^ 2^ = 16 



n factors 



2-2*P-2-2*2 = 2^^= 102U 
• • * 

number of coins 



2 2" , where n is the 



If T is the total number of possibilities, and 
n is the number of coins, then we can write 



You tossed 'a coin 10 tir. (Experiment 1, Section 3-l) • The authors 
also tossed a coin 10 times. .»hat is the probability that yo\ir record and 
ours match toss for toss? 

Our result --THTHT TTliHH-- was one possible outcome of tossing 
10 coins. 



2^^, or IO2U 



2^^ ' 102ir 



21. In all, there are 



equally likely outcomes 



for the experiment of tossing a coin 18 times. 

22. The probability that you get exactly our result is the 
probability of one of these outcomes. Thus the prob- 
ability is • Tliis is less then .001 . 



30 

39 



3-3. More About Tree Diagrams 

• We vill^think "next of an experiment in v^^ch wc hfr;c pos?ibilities 
for the first step. 

Suppose that we have a box contoinii4' : marbles: 1 red, 1 green, ^ 
end 1 yellow. If one marble is picked ui random, there are 3 possibilit es. 
We shell: call them R, .G, and Y, for red, green, and yellow. 

If the marble is returned to the box, and again a marble is ri^t^clea. at 
.^^ndom, we have 3 possibilities for the second draw also. T^-^e outcomes of 



the succession .cf 2 draws can be described in terms ;f "c;lor on first 6raw 
and color on second draw". They are shown in this tree diagram: 

Sec^'nd draw 



First draw 



r 



J 




/ 



Thf firct Jrfiw tr.-re eiv 



DOsKiblo . ut comes. 



t^X- po . ^ 1 1 i 1 i t y n t h» i' i :* - 1 d raw u : e r*"» a r e 



'f p. : . i t I'' utc mer i'tv th" 2 draw<: 



Exercif **: ' r.p^' *■ 
marbiec, asi;Mr.In/ 8*j 
'drav is med*^ , 



t > IV XI 
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Use the tree dlagrsm for picking a marble 3 times to help you answer 
the following: 



27 



6 2 



7_ 

27 



27 ' °^ 9 



18 
27 
6 

27 > or 9 



27 , or I 



U. On dravr>, hew many possible outcomes are there? 



5. In how meny outcomes is the red marble picked exactly 
twice? 

6. If E is the event '"red exactly twictr", then 
P(E) ^ . 

7. In ho*^ many outcomes is the green marble picked at 
least twice? 

8. IT F is the ^vent "green at least twice", then 
P(F) = . ' . 

On I drove, the probability of: 

9. event A, "all 3 the some color", is ; 



10. event B, "two of one color, one of another", is 



11. event C, "no two the^ same color", is 
■'12. - P(B) - P(C) - • 



Now ^ ^-111 thimc about the number ,f outcomes wherv we throw dice* 



3^ 
2l6 



1;. A die is a cube and nas 6 faces. If one die is thrown 
the number cf possible oui^j ernes is . 

iU. If throw two dice, the number of possible outcomes in 
Iten 1; ii: multiplied by . 

L*^ . Fcr two aic*^ th*j number of possible outcomes is . 



16. For t: r'^'- •ii^*', I'r. ' numl • r :f outcomes is 6^ , or 



If yi !.!•] n ':[':'■, th'- n'jral/ r il' -ut ■ rr/.p would be 
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^ 

Suppose we have en objeqt such that on a single toss there 

are s possible outcomes • 

18. If we toss two such objects, or if we toss the one 
object twice, the number of possible outcomes is 
multiplied by . 

19. For two objects, or for two tosses, we have s • s, 
or possible outcomes.. 

20. Each added object of the sajne sort, or each additional 
toss of the single object, multiplies the number of 
possible outcomes by . 

21. If T is the total number of possible outcomes, and 
s is the number of possible outcomes for one object, 
and n is the number of objects (or of trials of a . 
single object), then ' 



Let us think of throwing two dice, one red and one green, A convenient 
way to indicate the outcome " 5 on the red and 2 on the green" is "(5j2)". 
In a similar way, we can express each outcome as a pair of numbers in which 
the first is the number on the red die and the second is the number on the 
green die. 

Exercise: Complete the following table showing all of the possible 
outcomes of rolling the two dice. 



Green 





1 


2 


3 


k 


5 


6 


1 


(1,1) 


(1,2)^ 










2 


(2,1) ' 












3 










(3,5) 




k 






(^3) 








5 












(5,6) 


6 




(6,2) 











Compare your completed table with that shcv/n on page 128 before ycu continue. 



^1- 



T = s 



3'* 

A r 





Suppose that 2 dice are thrown. Refer to the table 


to 


• 


help you with the following: 




36 


22. 


The number of possible outcomes is 




equally 


23. 


All of the outcomes ere ; liXely. 








If E is the event "the sum of the numbers is 


6", 






then the outcomes in E are 




('♦,2),(5,l) 




(1.5). (2.h). (3.3). ( ), ( ). 






25» 


The number of these outcomes is • 






26. 


Hence. • P(E) = 






27. 


If F is the event "the sum of the numbers is 


9", 


3^- 




then P(F) = . ^ • f 





Tossing a Tetrahedron (optional) ^ 

(If you would like to examine another situation very similar to those 
above, complete this section* If not,--.omit it.) 

On page ^+2 is a pattern for fnaking a regular tetrahedron. Cut the 
figure ou^ of stiff paper (or cardboard), color each triangle as indicated, 
fold on the dotted lines, and fasten the tabs with glue, paste, or scotch 
tape. 

When the tetrahedron is tossed into the aix and allowed to fall freely, 
.we describe the outcome by the color of the face on which the tetrahedron rests. 

Suppose we make a tree diagram to show the number of possible outcomes 
for 2 tosses in succession. If we designate red, green, yellow, and blue 
by R, G, Y, and B, respectively, the diagram looks like this: 



ERLC 



35 

41 



16 



!• On the first toss there ere 



possiblle outcomes. 



2. For each^ possibility on the first toss, there are 

possibilities on the second toss. 

3. The totBl number of possible outcomes of two tosses is 



Make a tree diagram showing thq possible outcomes for 3 tosses of 
the tetrahedron. Compare it with that indicated on page ^2 and make any 
necessary corrections .\ Uce it when you need help in answering the following 
questions. 



16 



U. For n single toss of the tetrahedron there are 

pv,s:jible outcomes. 

5. On the secon:! tcss there ere ^-possibilities f'or 

each of the U possibilities of the first toss. 

6. For tosses, the nambor of possible outcomes is 
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7. Suppose we wish to find the number of outcomes foi^ 3 
tosses • Tht number of outcomes for 2 tosses must be 
multiplied by . 

8, For 3 tosses, tho number of outcomes is 

9* For h tosses, the number of outcomes is . 



10. F<5r n tosses, the number of outcomes is . 

11. Orv 3 tosses, how many outcomes have 3 blues? 



^> j}fe= --v' 



Assume now that the outcomes of the toss of the tetrahedron are all 
f^^;:^^ '^9^^^ likely. 



i 

55 



9 

hi ' 



12. The probability of getting 3 blues ^n 3 tosses is 



If the tetrahedron is tossed 3 times, the probability of; 

13. two green and 1 red is ; ^ 

Ik • two green and 1 not "green is ; 



tw(. of one lor and one of another is 



3-5 • Further Exanplv 

^ Q^^d £ eo In > 
dipgram can be ui-^m l" 



G'ipp' ^'(' tosfc 8 die and a coi!i. Again a tree 
'ini uloomos . 



6 
2 



F r liv^ dif, we have 



posslbilitie: 



: . r :n p.^^ibility f thv die, there are 
v ibiliti-^:. fir the coin. 



Draw the tree. C nnpar*^ - iti t!,*'^ difigrom bel* v. 



37 

46 



12 



U« Again, this diagram shows 
the die and the coin. 



possibilities for 



Drawing without replacement s Let us return tc the olx vith one red 
marble, one green marble, and cnc yellow marble. Again we pick a marble at 
random. ^Riis time we do net return it * the box. We select another marble 
from those remaining in the box. 

The possible out comer, uf this succession of two draws are shown in the 
-Siagram: 



First Draw 




Second Draw 









R ^ 




^-^Y 









G ~ 







Y = 




— ^G 






^R 


Note that 


ther''" or*.' 


possible outcomes. 


6. But ir ve 


had replaced 


the first marble dra^-n ^/efore 


drf:V'iiig th^':; I'econd, thi 


in t lie re would be / 


po. / iblc 


utc mes. 





Problem: Tlv.- Jc p.e. ffrriiiy pL^inniiig o trip from Chicago t^ Hawaii, via 
Seattle. Tncy ?an g ^. y piiirv , train, or lus t - Seattle, and by plane or 
boat tc Havaii. In - w n-^ny lilff^'i-^nt //?jyr. ?an they rMi.ose tv travel? 

Tii. ugli thi. : r. ^ " pro: 1^-m in ^.iu-^h prcbr^Miity is u^ed, a tree diagram 
can be used t 'xpL* In li, Ir- ^ i:.- dirjgrfn • nu tSi* n :K wllh th" one below. 
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4H 



>'attl* t' Ha«''li 




P I ' n 
B "t 



Tliere ore ways in oil* 



Exercises (Answers on page 128 •) 

If 3 honest coins ore tossed, what is the probability that 3 heads 
.will show? Use the tree diagram which shews the 8 possibilities for 
3 coins. 

If 3 honest coins are tossed, what Is the probability that 2 heads 
and 1 tail will show? 

There/are 35 bi'icks, of which 5 ore gold, 'v/hat Ig the :hancc that if 
' you pick a brick at random you will pick gold one? 

A bowl contains 10 marbles, of which 5 are white, 3 are black, 
and 2 are red. We will a;.sume that chey are identical in size, hence 
that each morble is equally likely to be picked if you reach into the 
bowl and take one marble without looking, 

(a) What is the probability that you will pi a white marble in one 
draw? 

(b) ilisuming you pick a white marble the firct time and do not replace 
it, what is the probability that y.^u will pick a black marble the 
second time? 

(c) Assuming you pick a white marble the first time and a block marble 
the second time ond do not replace them, what is the probability 
that you will pick a red marble the third time? 

The letters A, B, C, D, E, and F are printed on the faces c f a cube 
(one on each face). We describe the outcome of a roll cf tne cube by 
the letter on the top face. 

(a) If one cube is rolled, how many posrible outcomes are ttivi\ ? 

(b) If 2 cubes ore rolled at the i>ame tiine, hew many poscihu cute .mes 
are there? 

(c) If'one cube is rolled, what is the vr'bability B ? 

(d) '/^at is the probability cf Vw. E*. ^nen tv r ib d at 
the some time? 



4!) 



6» regular tetrohedron has one face marked A, one marked B, one 

marked C, and one marked' D. It is tossed in the air and allowed to 
, fall freely. We describe the outcome by the letter on the bottom face, 

(a) How many possible outcomes are there? 

(b) Find the probability of ' A . 

' (c) How many possible outcomes are there if two such tetrahedrons are 
tossed? What is the probability of one A and one B ? 
(d) How many possible outcomes are there if three such tetrahedrons 
are tossed? What is the probability of two C's and one D ? 

7. Add a fourth and a fifth line to the following table showing the pattern 
involved in a count of the number ol' outcomes in tossing coins. 

^ ^ Number of 
" . , • _ CO ins 



1 1 
(IH) - (IT) 

12 1 
(2H) (1H,1T) ('2T) 

1331 
(3H) (2H,1T) (1H^2T) (3T) 



8. Uce the Uihlv in Problem 7 to find the probability of getting 2 heads 
and 2 tnils 5f ^ coins ore t^sf-od, 

9» Give the probnblliti»'c ..f 'rfjch of the 6 possible outcomes when ^ coins 
ore tossed. Is the sum of the probnbillty eq to 1 ? 

10. If 5 cc in:: urc tcr.Ged, wh?jt Cvmbiaations of heads and tails ore most 
likely to oc-ur? VAiy? (Hint: S-c Pr blem 7.) ^ 

11. When 6 coins .-.re v.,.fd^ vhat is tlwit^rob ability that one and only one 
coin will show head.:? 

12. A certain game ib pl-yv^^i witi. a fipinnei ar. chov-n and a die. Y.-u 

.'jpin moe rind ti.r^w th - die ncc What the probability 
t\Vit y *i will ..p-n red and then g'-t 6 on the die? 



hi 




Pattern for re gullfr tetrahedron 




Tree diagram for ^ tosses of a regular tetrahedron 
(NOEE: That part of the table is shovn here vhicK gives the outcoraes for 
m the first toss. The other parts differ only in the first letter.) 



First toss 



Second ^toss 



Third toss 



(similarly) 
(similarly) 
'(simileurlj') 




U2 
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Chapter k 
ESnMATHK} PROB/IBILITIES 



.In pany of the situations ve have studied as examples (using ,coins^ dice^ 
%ax;inmrt}, it is possible to discuss th« probability of certain events slnply 
: . J^^' J the problem* We reason j If we have honest equipment, we 

^V^AC<nY»ach *ceii»^^ conclusions* about it* 



Consider two spinners, I and II 
I 




n 




1 

2 



If the pointer is balanced and if it is honestly sjyun, we 
are willing to assert 

1. for Spinner I, P(red) « > 

2* for Spinner II, P(blue) » > 



* Notice that we assign these probabilities without actually spinning the 
pointer ♦ Vfe reason that, for Spinner I, the red and blue regions are -cqiially 
likely if the spinner is "honest" • Our reasoning is correct. Whether or not 

la- 
this reasoning applies to a particular spinner can only be decided by actually 

experimenting many times. Suppose, after many trials, our results ahow approxi- 
mately the same number of reds as blues « Then we are somewhat confident that 
the spinner is fair and that our reasoning is correct. 

You may very well raise some questions regarding the last paragraph. For 
exan^le : 

(a) How many experiments should be made? 

(b) What precisely is meant by "approximately the same number of 
reds as blues"? 

(c) How confident would we be? 



l>3 

52 



These questions are oil related and can only be ansVered somewhat general-ly 
here — our degree of .confidence increases as ve conduct more experiments anH 
as the fraction of red comes closer to ^ • 

Suppose that a friend tells you- that he has a spinner colored red and 
blue. You are not able to see the spinner. Youn friend spins the pointer and 
tells you the result of each 6pin. After thirty spins, the record looks like 
this: 



R R B B R 
B B R B R 



B R R B R 
R R B R R 



R R P B R 
R R B B R 



19 
11 



30 



i2 
30 



5* 



There vere spins resulting in the outcome 

(hov many) 

lied, and spins resulting in the outcome blue. 

(how many^ 

Wliat fraction of the spins yielded red? 



If the spinner is spun once again what is your guess as 
to the probability of obtaining red? 



if 



Of 



course you cannot be sure that about | of the spinner dial is 



colored red, but it is a reasonable guess based on the evidence at hand. 

The problem that we have been discussing — knowing the result cf a 
certain nmber of trials without knowing the exact design of the spinner - 
is illustcative of many real lilfe situations. We may cite many examples where 
decisions 'are made on the basis of estimated .probabilities.^^ These estimates, 
in turn, are based on past experience ("trials"). He^re are two. such examples. 

* 

(a) In a basebcll game, Rol^inson comes in to pitch. The opposing 
manager then orders Jones to bat for Smith. His decision is 
based on the fact that Jones has had better success than Smith 
* against Robinson' in previous games. Regardless of the result, 
the manager'may well claim that he is "playing percentage 
baseb^ill ' . 

' (b) A doctor decides not to operate on Mr. A • His decision is * 
based on the fact that, in medical experience, a large per- 
centage of patients with Mr. A»s symptoms have been curei) 
without recourse to expensive (nnd, perhaps, dangeijous) surgery. 



V . 

In Q particular situation, the confidence tliat is placed in a decision 
based on the results of previous trials depends loth on the nature of the 
results and on the number of trials. 



more ^ 



red 



more 



3000 



.50U 



6. For the spinner of Items 3 to 5, are led to believe 

(based on 30 trials) that red is ' likely 

(more, less) «-* 

than blue* 

7. If we vere told that we would win a prize If we picked 
the correct color on the nexi; spin we would clvoose 



Suppose that we have a record of 3000 spins of the spinner 
and .that record shows' r900 red. - 

8. A§ a re^Gult of examining* this recoM of 360O trials, 

we are confident (than after 30.. trials) 

(more, less) 

that the spinner favors *red* ' ^ , 

Suppose the record of ^3000 spins shows 1512 red. 

9. The estimated probability of red is now ♦ 

** * pOQQ 

If, on the basis of this record,, we wfsh to pick the correct 
color of the next spin we would stiJ.l.chooselred. However, 
we no longer would-be very confident that the spinner favors 
red. 



l|-»2. Examples ' * 1 

Example 1. 0:* mcin» V ou£^onis jf manufactured articles of a certain type, 
the company selj^ctel i sample of size 100 at random. These were carefully 
tested and it vnr f oun 1 t)mt ^9 of th^ articles met the desired standard. 
What is the proV-^l ilit.. tl/it is -irticle^a.ie Ly this process is up to standard? 
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J 



>:XpO 



100 ^ """^ 50' 



2. 
3. 



of the samples tried were satisfactory* 

100 

\ 



One could expect about 



percent of all of the 



articles, manufactured by this process to be up to 
standard • * » 

The probability that a given article made by this 
process- vill be satisfactory could be said to be 



We could get more information by testing every article produced. Usually 



this is not feasible because of the time and expense involved, 
is noG even possible. 



Sometimes it 



(An electric fuse may be designed to "blow" when sub- 
Jected to a 20 ampere current. If the manufacturer tested every fuse pro- 
duced, then •••?) 



Example 2. A random ^ sample of 500 patients with a certain disease were 
treated with a new drug. Of these, 38O were helped. 



500 ' 100 



0.76 



30^0 

[ .76 Hood) 



What is the estimated probability that a given person 
with this disease will be helped by the new drug? 



6. 



It is sortietimes convenient to express probabilities 5n 

decimal form.. For this example, 

P( patient is helped) = 0. , . 

If iiOOO patients were treated with the new drug, 
about how many wQuld y6u expect to be helped? 



Example I. In baseball. a player's batting average is computed by dividing 
his number of hits by his official times at bat. The average thus reflects 
the' player ♦s previous performance • 



72 



7. 



After 2i*0Ntimes at bat, a player has a batting 
average of .300 . He has made hits. 



5 




8^ 



Whgi the^ estimated probability that he will get a 
hit on his next time at bat? 



9# If this player comes to bat l8o jmore times during 
. the season, we estimate that he will get about ^ 
more hits . 

(how manyT o ] 



■* 



'^•^y* 'An ^ Experiment 



f^.J./^ Obtain a new rivet. (A rivet may be purchased at a hardware store. We 

' ^ 1 

tm^^ " used a size 9- copper rivet* A tack or a flat-headed screw will serve 
S^r - equally well*) Think about tossing the rivet 50 times. 



* (a) Just by looking at the rivet guess how many times it will fall 
"up", like this: cJL=> , and how many times it will fall 

" , Va^wn", like this; <^i\ 

Toss the rivet onto a flat surface and record the result. Perform 
* 50 trials cf this experiment. 

(b) On 50 tosses, how many times did you get "up"? " 

(c) Does this insult fit with your guess? 

(d) What is the probability of getting "up" on the\oss of a rivet? 
See the discussion of this experiment on pags 122 . 



h-'k. Exercises 



(Answers on page I30 .) 



2. 



A teacher has taught eighth gr^de mathematics to I60O students during 
the past 10 years. In tr.ls period he has given A»s to 152' students* 

(a) Based on *hese lata, what is the probability that a student selected 
at random will receive an A in this teacher's class? 

(b) If this teacher will teach 2000 students in eighth grade mathe- 
matics during the next 12 years, about how many A*s do vou 

V 

expect the teacher to give? 

The batting average of a baseball player is O.333 . What is the prob- 
ability that tr.l; man will make a hit the next time he is at bat? 
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3. The record of a weather^ ation siiows that 4ji the past 120 days its 
weather prediction ot" raia or no rain h-'is been correct 89 times. Use 
this information to state the probability that its prediction for 
tomorrow will te correct* 

liv Car insurance rates are usually : iHA-^i' i J^^^le u-^vers unJer the age of 
25». Explain how ApAq :n accl-ients ,:ust.ry ti.is* 

5. Life 'insurance and life innult,. rates are i ^se l tables of -mortality. 
.A .table of mortalit. incluaes statistical lata on 300,000 people who 
were alivp at a^:e iO . >fi1^f oll-^win^: are ten lines from the Actuaries 
Table of Mortality* 



Age 


Nimi-er 
livinr 


li^LT.fer i; intS; • > 
ivrihr nex* 
/ear 


A.-:e. 


Number 
livirsc 


Number dying 
during next- 
./ear 


10 


100,000 


676 




73,65? 


• 815 


12 


03,6^0 


' 6?: 




69,517 


1,108 ^ 


13 


97,973 


671 


60 


=5,973 


1,698 


Ih 


97, 30: 


671 


TO 

t 


35.337 


^^327 


21 


92,r83 


6'}} 


^9 


T 

JL 


1 



According t t.-.e vatic, o7e> t:.e 100, XO ^^ill not be alive at 11 
years ar^e. At a/e 1^ , "^7,9^:^ ^f '^he ^.rlginai 100,000 are alive, 
but 671 pf t* ese pors.^r.s 'ie wit'.:'n one ,oar. 

(a-)' Hov r.any cf J^fle criginnl 1CC,GOO ve:^ alive at the age of pO ?^ 
(b) How r.any were alive at the age cf LOO ? 

In Problems ' t.:-.>^r . .s*^ v.e Ajrtaarieo Ta^ le of Mortality given in 
Problem FIni * ..e ans*eri: -.rrcct t. * \e ve-^res^ '^.01 . 

6. (a) vr-a*. Is • e r r-^i a: ' at a person a.-, "s i; years of age will 

re alive a' p a^-e f :il ? 

(l) W at Is • :.e pr:: lit' " at person ) Is 13 years €((,c will 

{ e a^ e /^^^ ■ ■ a*^V' f ? 



7. (q) W'V 



were -on * r\ • * i 



keep in " 



t ."r.. .srful li" i^- actually 
. 9 

; ' :. ^ -;i ' U'-' •* ' JH le 



I e 



< 



1^' 8* (a) What is the probability that a boy who is 10 years of age will 

C ^ * live 'to the age of 99 ? 

(b) What is the probability that a man who is kO years of age will 

• live to the age of 50 ? 

. 9» One kind of life insurance policy guarantees to pay $1000 to a widow if 
^> her husband dies within Jhe next ten years. Would such a policy be most 

$\' expensive for a map aged ^0 , 50 , or 60 ? Why? 

i: 10. Consider the following events: 

Event A. It rains on Friday the thirteenth* 
Event B. The sun shines all day on Friday the thirteenth. 

The following table shows the weather on 20 Fridays the thirteenth. 
Using the data from the table below, find the probabilities for the events A 
and B . , Based on the information in the table, which is more likely to 
occur over a great number of Fridays the thirteenth, A or B ? Note 



that 


it is possible that 


neither event 


occurs. 




Weather on 


20 Fridays the Thirteenth 


1. 


Heavy rair 


11. 


Cloudy^ no rain 


2. 


Light ram 


12. 


Partly cloudy 


3. 


Sunny 


13. 


Cloudy with some showers 


h. 


'Sunny 


Ik. 


Showers 


5. 


Sunny 


15. 


Sunny 


6. 


Scattered showers 


16. 


Sunny 


7. 


Showers 


17. 


Hot and sunny 


8. 


Sunny 


18. 


Sunny 


9- 


Sunn:/ 


10. 


Cloudy with somevShowers 


10. 


Sunny 


20. 


Sunny 



11. Look up >our recora 100 throws of a die. Based on this sample, what 
is your estimated probability of obtaining each of the faces? 

12 ♦ Again referring tj the 100 throws: consiaering them as twenty sets of 
five t)irows ea9h, what is your estimate of the probability of "three of 
a kind" in I'lve thruws? of "four -)f a kind"? "five of a kind"? 



•Chapter 5 
THE PROBABILm OF A OR B 



Bnlon and Intersection of Tvo Sets 

In this section we will use an example to illustrate some ideas ahout 
sets which should be familiar to you, 

Suppose ,that a class consists of fo\ir boy? Arthur, Bob, Carl, and 
Dan and three girls — Elsie, Flora, and Grace, Three members of the 
clas^ — Bob, Dan, and Flora — are in the band. 

Before the band concert the teacher saye, "Some of you are needed in the 
gym to help get ready for the concert, ^ Go if you are a boy of if you ai'e in 
the band," How many members of the class go to the gym? Think about the 
answer; then read on. 



If + 3 

T 



If you write the names of all the boys and then write 

the names of all the band members you write k y 

, names in all. 



or 



Arthur 
Bob 
Carl 
Dan- 

Bob 
Dan 
Flora 



'^here are k boys. 



There are 3 band members. 



Everyone whose name is on this list goes to the gym. 
However, on- this list some names appear twice, because 
some members t^e class are both boys and band. members < 

In fact, names are listed twice. If we 

(how many) 

cross each of them out once, then our list will have 
no duplicates: 



erJc 



5f) 



Arthur 
Bob 
Carl 
Dan 

Dsn 

Flora 



U + 3 - 2 members 'Of the class go 
to the g^Tn. 



Notice that this example iUustrates the use of "or" to mean "either 
one, or the othfer, or both": This is the usual meaning of "or" in mathe- 
matics . ^ - 

Suppose A i^s^the set of boys in the class: 

\ 

\^ A = {Arthur, Bob, Carl, Dan) . 
Suppose B is the set of band members: 

B = {Bob, Dan, Flora) . 
Then the set of class members who go to the gym can be written as AUB . 



Dan, Flora 


3. 


A(JB 


= {Arthur, Bob, Carl, , ) • 








AU B 


is the set of class members who are boys ~ 




« 


' t 

i 




who are in the band. 





"AUB" is oft^n read "A union B" . 'it may also be read • "A or B" . 

Notice that the names crossed cut in Item 2 above are the names of class 
members who belong both to A and to 3 . These class members are members 
.of the set AD B — the intersection of A and B . Its members are in both 
A and B . ' 

You may ^read , "A D B" as ."A intersect B" or as "A and B" , as you 
prefer. / 



{Bob, Dan) 
2 



An B = { 



AD B is 



) . The number of elements in 



If we add the number of elements {h) in A to the 
number of elements (3) in B , and then subtract the 
number of elements (2) in AflB , we have U + 3^ 2 
, or . This is the number of elements in AUB . 



It ia easy to picture the sets in this example by means of a diagram. 




In this drawing, cet A , {Art> ur, Bob, Cnrl, Dan} /and set B , 
(Bob, Dan, Flora) , are represented by regions (^^^^^^ , 

Set AuB is represented by the entire region C^^^^^^^ 

Set ADB is represented cy the region Q 

common to the A and B regions. 

(A diagram of this sort is cnllcd a Venn -diagram. ) " 



5-2. Event Au B ; Event AOB 



we nave .-ecn, in event is a Get of outcomes. 



1. ^ Ti-e probability of an event A is the 
5 robatili* ies of th^.outcomes in A . 



Consider n^^^In Mie inner abown in Section 



of the 



Blue 



Supr ^ne-^yoi; rl'iy , with *h 
or V , 'We will alv/ay: ^ 
or Y , or bo^h"."^ 



5 




Red 



Green 

rpinnt-r, \ game where you get ' 1 point for red 
"or", in nuch cases. In the sense "either red. 




• . Thinking a* little more about this easy ijituatlon helps us understand an 
important general idea. We have an experiment for which we may choose, as 
set of outcomes, 







(red X , red Y , green Y , blue X , blue Y) . 


2 • 




Lex ^ 


A ctpnfi fnr the even't "red" • 




red 1 




A = (red X , !• 


%M 




Let 


B stand for the event "Y" . 




• 

red y 


h. 


B = [ , blue Y ; green Yl . 




^or 


5. 


n>hf^r, A MR 1r the event "red Y" . 




blue Y 


o. 


AUR = (red X . red Y • , grefn Y) . 




and 


7. 


Also, AnB is'the event "red ^ Y" . 




{red Y) 


a. 


AOB = 



An appropriate diagram is the following. 





A 




B 




/red Y \ 


• blue Y \ 


( *red X 


Vaob J 


• / 

green Y >^ 








Dlue A • ■ — 



L-t us think of throwing two dice, one red and one green. As we have 
seen, it is sometimes convenient to indicate the outcomes by ordered peirs. 
Thus "5 on th. red and 2 on the green" is indicated (5,2) . There are 
36 equally likely outcomes. (See St%ion 3-3 if you have forgotten.) 



(l.,2),(5,l) 
6 



No 



9. If a' is the event "the sum of the numbers is 6", 
Then A = {{!,':>), (2, h), (3, 3), L— Li LI • 

10. If B i's the event "the sum of the numbers is 7", 
then F has members. (List the outcome 

(how many) 
in F if you weren*t sure.) 

11. Dn -i s:ncle throw of two dice, can you get a sum of 
I oth 6 and 7 ? . 



6 2 



0 ; empty 



12. AHB contains members. It'isthe 
(how many) 
set. ' 

We could vrite AHB =0 . 



In this example, A and B cannot both occur oji a throw. 

Two .evei.ts A *ind B are said to be mutually exclusive (or disjoint ) if 
the occurrence of either excludes that of the other -- they cannot both occur. 
Jn other words, A «nd B are mutually exclusive if AHB is the empty set. 
For example, on a throw of tvo dice, a sun of 6 and a sum of 7 are mutually 
exclusive. 



ll events A and B az*e mutually exclusive, then an appropriate diagram 



is: 




If A and 3 are mutually exclusive, the A and B regions *in the 
diagram do not overlap. 



the empty set, 
or 0 



are 



are not 



are 



13. A and B are mutually exclusive if AHB is 



(are, are not) 



If a single card is drawn from a deck of cards, 
drawing an ^.ce and drawing a^ Jack 

m"utually exclusive events. 

Driving "in ^ace and drawing a spade 

(are, are hot) 

.-riutuall; exclusive events. (Both can occur on a 
single drf?v -- you can drew the ace of spades.) 

T 0 joir.c ?re tossed. Consider the events "ore head 
•ind :>v,^j t'jil", /'tv;o lie'ids" . These events 



(are, are not) 



I 



=\- -r^: ^^^^ 



is 
Is 

is not 



subset 



"the sum is evW" . Let F he the event "the sum is 
divisible by V . 

18. The throw (3,5) - 3 on the first die and 5 on 
the second is in E (since 3 + 5 = 8) . > and 

' also in F . 

(is, is not) 

19. The throw (1,5) in ^ 



in F 



(is, is not} 



(is, is not) 

Every member of F is also a member of E , since every 
number divisible by h is also divisible by 2 . ^ 

of E . 



20 • Hence F is a 



17. 


Suppose events A 


,B are mutually exclusive^. What is ' ; 




p(AnB) ? 






[A] 0 


[B] You canH tell 


AnB 


is the empty set 


, since both events cannot occur at 


once 


. Henne, P(AnB) 


=0 • [A] is the correct response • , 



A suitable diagram in this case is shown below. 



36 



is 




21. In this diagram, there are dots, because 

(how many; 

for the throw of two dice there are 36 outcomes . 



22. There are 9 outcomes for the event "sum divisible 

by h" . For example C2,6) - " ^n F . 

(is, is not) 



56 
64 



is not 



23* There are 9 outcomes which are in E but not in F 
For example, {2,U) is in E , but (2,li) 

' in F . 

' (is, is not) 



2U, ir F is a subset of E , then EOF 
[AT E 
[Bl F 

fCl You canH tell. 



If F is a subset of E , then every member of F is in 
E . In this case EOF .F , so [B] is the correct! * 
response. If you had trouble, look again at Items l8 to 
23. In the example discussed there, F is a subset of E 



2!*^, If ? is a subset of E , then EUF 



5-3- Probability of Ay B 

We have found the probabilities of certain events by counting outcomes. 
Sometimes, however, we have a situation for which it is difficult or impossible 
to do this. J?ometimes we know only the j^obabilities of certain events. From 
this knowledge it is sometinies possible to find out about other probabiiitieS>v^ 
In this section, you vilJ learn about a formula for P(AUB) . ' 





Consider again the spinner used in Section 5-2. 








A 


is the event "red" . / 


Y 




Red 


B 


is the event "Y" . gl^e / 
























.^....^.^^reen / 



Let us write the probabilities for these events. 



It is easy to verify that these probabilities satisfy the following 



equation: 



k 

7 

1 
7 

2 

7 
7 



P(AUB) = P(A) + P(B) - ?(AUB) 



Look at the situktion described in Section 5-1- In it, 
there were 7 students. In the symbols used there, 
A is the set of boys: 

A = {Arthur ,Bob,Carl,Dan) . 
B is the set of band members: 
B = {Bob,Dan,Fora3 . 

The set of students who go to the gym is AUB . 
Consider a student whose name is selected at random from 
the list of students in the class. 
The probability that the student is a boy is P(A) . 

5- P(A) = • 

P(B) = . 



p(AnB) = 

P(AUB) = 



U s3 2 5 
Notice that ^ 7 " =7 " 7 



Once again, it is true that: 

P(AUB) = P(A).+ P(B) - P(AnB) . 
For this veiY simple example, the probabilities can be found easily by 
counting. Lrt us look at a situation in which ve cannot count outcomes. In 
these cases the equation is veiy useful. 

Suppose, ^or example, that a principal says: 

"1 of the students in my school are boys. ^ of them are boys 
■L play in the band. In all, ^ of the students in the school 
play in the band." 





do QOt 


9^ 


We know how many students attend the 

(do, do not) 
school* 1^ 


h' 


uo not 


10 . 


Hence, we know the number of possible 
(do, do not) 

outcomes of the experiment "select a student at 








random". (Remember, "select at random" here means 


ft 






"select in such a way that all students are equally 








likely to be selected".) 




However, we 


can 


consider probabilities of, events associated with this 


J: _ 


experiment • 








Suppose we ask: 


What i£, the probability, if a name is chosen at random. 




that it is the name o 


either a boy or a band member? 




11. 


1 

If A is the event "name uf -a- W5y" , and B* is the 


f, _ 
t 






event "name of a band member", then we are looking ^ 




pCahb) 




for P( ) . 


t 


1 

5 

" « 20 ■ \ 


12. 


We know: P(A) = ; 

P(B) = ; 


h 

? 


\ 




p(AnB) = 


? 




s,. 


P(AnB) is the probability that the name belongs to a 


j-i 


and 




buuuciii' wnu a Duj wno IS in tne Danu« 


\ . 






; 


Ih. 


In this case, can we use the formula * 








P(AU B) = P(A) 4- P(b) - P(AnB) 








to find P(AUB) ? 








[a] Yes [b] You can't be sure 



Though we don't, know the numbers of outcomes involved, w^ 
can use the formula. P(A) is the sum of the probabilities 
of the outcomes in A . P(b) is the sum of the prob- 
abilities of the outcomes in B . If we add P(A) and 
P(b) , we hove added these, but some probabilities are 
added twice* In fact, each outcome in AHB is entered 
twice. If we subtract P'AHB) , we have l^ft exactly the 



20 



sum of the probabUities of the outcomes in P{AUB) . 
Hence, we can use the formula 

P(AU B) = P(A) + P(By - P(AnB) . 

[a] is the correct response. ^ 



In the preceding example, we asked the probability that, if 
a name of 'a student is chos^ at random, It is the name of 
either a boy or a band member ♦ 



15. Using the results in Item 12, we b6ve 

P(AUB) = • [Hiiytrf Use Item 1^*.] 



We worked through the preceding example very carefully* The reasoning 
used there can be applied to any situation. It is always true that if A 
and B .are any events, 

P(AUB) = P(A) + P(b) - P(AnB) . 
The reasoning is suggested by the diagram below. Event A is a set of 
outcomes; event B another set of outcomes. (The weights hanging on the 
* dots remind us that a probability 'has been assigned to each outcome. We do 
not need to know what numbers belong on the weights to foUow the reasoning.) 




P(B) 



16. Recall thnt P(A) is the sum of the probabilites of 
the outr TtiQz in A . Similarly P( ) is the sum of 
the probabilities in 3 . 
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If we add the probabilities of the outcomes in 
the pr^obabilities of the Qutcomes in ^^^ ^ B ^^ ^^ ^ ^e have added those 

in twice. 'By subtracting P(AnB) frm P(A) + p(b) , we get 

exactly the sura of the probabilities in AUB . But tdis sum is P(AU B) . 
Note that our reasoning is exactly like that used in Section 5-1, Items 1, 2. 



and ' 111 



1 
2 
1 

2 

2 1 

5 ^ 3 

2 

3 



or 



P(A) P(b) 

- P(AnB) 



Experiment: 



Throw a die. 



Let A be the event "a number greater t^«n 3" . 
Let B be the event "an even number". 

Ill this case we can compute directly, by coUii^Ing equally 
likely outcomes: 

17. P(A) . 

18. P(b) = . 

19. P(AnB) = 



20. P(Au B) = 



_. (Note: AOB = (U,6)) 



21. P(AU B) is the probability of throwing an even number 
a number greater than 3 . 

22. AUB = i }. 

23. We can verify easily that again: 

P(AU B) = P(A) + 



5-^. Probability of (AuB) for Mutually Exclusive Events 



p(A n B) 
p(An b) 



1 , 


In Section 5-3, we saw: If A ,B are 


any events, then 




P(AU B) = P(A) f P(B) - P( 


) . 


2 . 


II is easy to use this result to find 


p(Au B) ijT we 




. know P(A) , p(b) , and P( ) . 
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In some coses, we know P(AnB) at once. 



6 1 
35 ' ^'^^ 



exclusive 



Again, ve^hrow 2 dice. Let A be the event "the sum is 
.6" • Let B be the event "the sum is 7" . We will find 
the pi^bability of throwing 6 or 7 . 

3. .?(A) = 

k, ?(B) = . 

(See Items 9, 10, Section^5-2, if you weren't sure.) 

5. In this case events A and B are mutually < 



6. P(An3) 



7. .Hence,* P(/u B) 



-4 



Of course, you might have found F(AU3) by simply counting outcomes. 
•This example illustrates a general rule. If A and B are mutually 
exclusive events, then • 

P(AUB) = P(A) r ?(B) . 



empty 



are 

h 1 

U 1 

52 ' F 



8. *^ir AHB is 


,e set, then 


p(Au3) = ?:a) 


- P(B) . 




0. Drawing a jsrck 


t 

and drawing an ace from a regular deck 


of cardc 


mutually exclusive events. 


(are. 


are notj 


10. P(/?c>) = 


. (There are ^2 ^equall/ likely 




- of then are in the event "Jack".) 
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SufpoGC yDu wish to rind the ^. :)t'5bility of getting 
fi-. 1k:3ZZ one head vhcn two coins are tossed. Examine 
"he foilowlne reasoning ?.nd decide whether iw is 
^•ori^' 't . "P:/. ; r.>i'i: lliiy fretting head on the first 



'Oir. !j - 

n :::e ^r ::.e 

[a] C:.rr^'-* 
[3' Incorrect. 



The rr^lillllty of ^*e:.tinc h a 5 on the 
i 



The rroialiiity of getting h.ead 



:ner 



This reasoning is 



If ♦hie re-'.SDnin^ ^ere correct, ve woidd conclude th^t the 
rrotnciiity of gettinr leas- one head is 1 . This is 
cle^^-V' incorrect, 00 \3] is the response you should have 
chocen. The error in the reasoning coaes froni the fact that 
head on *he first coin '^ni head on the second coin are not 
mutually exclut:ive events. 

p^he- :i on first or he^d on second) = 
r'heaa on first) ^ p(hcaa on second) 
* F'he'^is on loth) - 



The prob-itilit^ 
throw tMO dice, \t/r 
before you £z or.. 



o:' 'hro'^ir.r t c 
* :.C : r : ll lilt 



6 with two dice iz ^ . If you 
n£2 throwing 6 ^ Tifink about this 



Yo-. could 



i^u'illy 



n • 



-.'^ nt 



■;" . r(A) = . 

jt 1 1 f f e r en t : r >r. ^" . 

' -I'v':!:^ *^h3t t-it:.cr t:.t: oUin 



•1 I , 0 -hH- 

, 1 = ^ - F fC) 
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^ ^ You may have arrived at this result by a different kind of reasoning. 
You may have thought: ^ 



36 
1 

3^ 



31 



18. When you throw ^ dice, there are 



likely outcomes. Each outcome has probabilw 




19. 



outcomes are in the event "sum 6" . -The« 



pr6bability of this event is 



20. The remaining outcomes 



in all — are in the 

event "sum not 6" so the probability of this event 
is 



\ 



This examplV illustrates a general result which is very useful. 
P(A) is the probability of event A , then the probability that A does 
not occur is 

1 - P{A) . 



A diagram makes the reason clear 




outcomes 



P(A) 



21. Event A' is a set of • 

Trie putcomes no*: in A (outside A in the diagram) are 
those outcomes which result when event A does not occur. 
(This set is sometimes called the complement of A . Some- 
times c^ll this set event not -A.) 

22. Recall ^het the sam of the probabilities of all the 
roGclMe o^J'^ones is . 

H«»'^.ll, -oo, trat tne sum of the prob*ibiiities of the 
vi^->mes ir. A is P( ) . 
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1 • P(A) 
cloes not 



^2k, Then it is clear that the sum of the probabilities of 

it 

the outcomes outside A • is - . 



25. 1 - P(aJ is the probability that / 



(does, does not) 



occur, 



Notice that the event A and the event not -A are always mutually 
exclusive. No outcome is in both. 



.7 



.55 



.983 



26. If a batter's probability of getting a hit is ,3 > 
then his probability of not getting a hit is ^ . 

27. If the probability that a student passes a test is 

, then the probability he fails is . 

28. If the probability that a certain manufactured article 
is defective is .01? , then the probability that it 
is not defective is 



Ten coins are tossed. IVhat is the probability that at least one shows 



head? 



.10 



ao ' 1^ . 



1 • ^ 
^ ' 1^ ' 

1023 



29. You recall (Section 3-2) that there are _j out- 
comes for this experiment. 

30. Only one — all tails — fails to show at least one 
head. Thus the probability that there are no heads 
is . 

31. The probability of at least one head is consequently 

1 - , or , 



We have seen in the chapter that it is easy to compute P(AijB) if you 
know P(a), P(b), and P(AnB) . Suppose ve know P(a) and P(B) • If A 
and B are mutually exclusive, then P(AnB) = 0 . What if A and B are 
not mutually exclusive? Can ve ctill find P(AnB) from P(A) and P(B) ? , 
The answer is - sometL^OG. ^^'e v;ill lecrn moj'e about P(AOB) in Chapters 6 
end 7- 
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•5.5. Exercleea (Answers on p. I3I •) 

1. Which of the following pairs of events ere mutually exclusive? 
(a) In tossing a coin: throwing heads; throwing tails. 

(h) In throwing a die: throwing an odd number; throwing a 3 • 
(5) In throwing a die: throwing a 6 ; throwing a 3 • 

2. During the past 10 years, a teacher of eighth-grade mtheniatics has 
' taught 16CC students. In "this period, he has given A as a final 

grade to 132 students, and B as a final grade to 508 students.. 
Based on these data, what is the probability that a student selected 
1 at random vill receive either an A or a B ? 

3. Consider a game in which you get 1 point for throwing a number which 
is even or greater than 3 . 

(a) Arejthe events "number is even" and ."number is greater than 3" 
mutually exclusive? 

(b) What is the probability that on any toss of the die you get a point? 

■1.. In a bag there are h red, 3 white, and 2 (blue marbles,. Ofne marble 
is picked at random. 

(a) What is the probability of picking a red marme? 

(b) Jfhat is the probaMlity of picking a white mai;ble? 

(c) What is the probability of picking either a re\ or a white marble? 
a) W^t is the probability that the marble pickedj is neither red nor 

white? 

5. In a neighborhood pet show there are 10 dogs, 8^ cats, 3 canari^ 

and 6 rabbit?. Each pet is owned by d different 
■ to be* awarded by drawing at random the name o^^"" from the sei of 

entry blanks. 

(a) What is the probability that the winner wilii^oW^githei^^og or a 
cat? * 

(b) What is the probability that the vinner will ^ te the owner of one 
of the four-legged pets in the show? 
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The dial of a spinner is ^ red, 
^ blue, ^ yel?.ow, and ^ black. 



The pointer is spun once. 




(a) What is the probability tha+ it stops on e^Uier red or blue? 

(b) What is the probability »taat it stops on ^■Uier yellow or blue? 



The gum machine has just been filled with lOO^alls of gum of assorted 
colors; there are 25 red, 15i|^ black, and 20^ each of yellow, green, 
and white. The balls are mixed throughly so that the chance of getting 
any one ball is as good as any other. If you buy one ball from the 
machine, what is the probability that you get: 

(a) a red? ^ 

(b) a yellow? * 7 

(c) either a black or a green? 



Two of them are chosen at 



There are 3 boys and 2 girls in a group. 

ft * 
random to buy refreshments for a party. 

(a) In how many ways can the choice be made? 

(b) How many of the pairs consist of two boys? 

(c) How oiany pairs consist of r.wo girls? 

. (d) How many pairs consist of one boy and one girl? 

(e) What is the probability that two boys are selected? 

(f) What is the probability that a boy and a girl are picked? 

(g) What is the probability that at least one boy is selected? 

Eight girls are to help with refreshments at a party. Seven of them are 
chosen at random to bake oookies . The remaining girl, plus four others 
chosen at random from the cookie-bakers, are to make punch, 
(a) How many girls will bake cookies only ? 
i{b) How many will make punch only ? 

(c) How many will do both? 

(d) If Mai7 is one of^the eight girls, .hat is the J^robability that she 
both bakes cookies and makes punch? 
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10. At a. certain boys' camp there are 22 boys. All except 6 of them swim 
at least once a. day. Nine boys swim in the morning, 11 swim in the 
afternoon, and no one swims at night. 

(a) If X is the set of boys who swim in the morning and Y is the 
set of boys who swim in the afternoon, XUY is the set of those 
boys who swim every day. How many members does XUY contain? 

(b) XOY .is the set of boys who swim twice a day. How many members 
'has XOY ? 

(c) Then how many boys swim only in the morning? How many only in the 
afternoon? < . 

id) If the name of one camper is picked at random, what is the prob- 
S ability* that the name drawn is that of a boy who swims at least 
once a day. 
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Chapter 6 

P(AnB) , THE PROBABILITY OF A AND B 



6-i. Experiments 



1. In a previous experiment we used a "box containing a red, a gr^jen, and a 
^llow marble. We shall use the same equipment for the following 
experiment . 

Draw a marble. Replace it. Draw a se^cond marble. Record the 
colors of the two marbles drawn. (For examfJle, if the first is red 
and the second is yellow^ recprd RY".) 



. . ./ 

Repeat the steps above until you have recorded 20 pairs of colors. 

^ How many times was the second color red? green? yellow? What 
did you expect? 

Suppose, in the experiment above, that you had not replaced the marble 
before the second draw. You are still to record the color of the two 
iparbles drawn. Would, you still expect to get the same sort of results 
as before^ Decide on your answer first; then try the experiment until 
you have recorded 20 .pairs, and see what your results afe. 

h 

Were your results consistent with your guess? ^Is.^^there any reason 
to believe that one color is more likely than another?' 
Frr the first of the experiments above, make a guess as to the probability 
of drawing red on both draws. What is the probability of drawing red 
on both draws in the second experiment? 

Read the discussion of both experiments on page 122 . v_ 



6-2. \ Probability of AHB : Some Examples 

In the first experiment, we had three marbles in a jar: one red, one 
green, and one yellow. We drew one marble, put it back, and drew a second 
marble . 

Now we are interested in "color of first marble ^nd color of second 
marble". The following tree diagram shows all the possible ouocomes: 
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YR, YG, YY 



RG, RY 



1, i 
9 ' 3 



1. The possible .outcomes are RR, RG, RY, GR, GG, GY, 
, and . Th^ are equally likely. 

2. The- outcomes in the event\ E : "red on the first 
draw)', are RR, , • 

3. P(E) = -y- , or . . 



Of course, there is another, and easier, way to firid P{e) . If ve want 
to find the probability of red on the first draw, we can ^^rget all about the 
second dr^w. 



G; Y 

1 

3 



V. We can think of E as the event "drawir^^ red" in 
the siApler experiment of merely drawing one marble 
from the box. For this experiment, the possi^e 
outcomes are R, , ^nd . \^ 



We are not surprised lo get the same number for P(e5 in Item 5 as we 
got in Item I, 



Similarly, if F is the event "yellow on the second draw", 
we can compute P(F) in either of two ways. . 



We can think of -.11 ' outcomes snown in the 

(how many) 

tree diagr-im.''* 



mc 



I 

'4 



L 
3 



1 



7* We can think: We get "yellow on the second ^rav" in 
out of 9 outcomes. 

(how many) 

8. Hence ?(?) = ^ , or . 

We can also thin>.: The possible outcomes of the second 
draw are R, G, and Y and all are equally likely. 

9. Hence, at once, ^ 

P(F) = • 



Look, back at Item 1, where we listed the possible outcomes for drawing 
a marble, replacing and drawing another. Suppose we wish t'o find the^ 
probability of the event "red on the first draw and yellow on the second draw" 



1 



10. The only outcome which is in both the events "red on 
the first draw" and "yellow on the second- draw" , is 



11. ?(red on first and yellow on second) ^= 



12. Notice that in this case P(EnF) P(e) • P(F) . 



Another similar example will help you to see a pattern emerging. 

Let us toss a penny, and then spin n pointer on a dial divided into four 



equal spaces marked 1, 2, 3, and 



/ 2 


1 \ 


y-3 


h J 



1 

2. 
1 

1 



Suppose th^-L A is the event "heads on the penny". 
Let P be the event "spinner stops on V. 

13. Then r(A) = . 

1^. F^3) " . 

i'^ . The ;^rol3i iiit.v rhat both A -and B occur is 



r.oo ^,"iin, ..e observe: P(AnB) P(A) • P(B) 



, ERiC 



71 



79 



If you bad trouble with Items 13 - l6, or if you were not sure, continue 
with Item 17. If you did not have trouble, you may omit Items 17 - 2h. 



H2, H3, HU 
h 1 



2 



HU 
1 



1 

or ^ 



A tree diagram showing the possible outcomes is: 



Toss 




/ 



/ 



17. From the tree diagram we see that the number of 
possible outcomes is . 

18. A is the event "heads on the penny". One outcome 
in A is "Hi"; list the other outcomes in A . 



19. P(A) = . 

20. B is the event "spinner stops on V*. Then B 
includes two outcomes, and . ' 

21. P(B) = . 



22. Since A = {Hl,H2,H3,Hl|] (item l8) 

B = [^h,T!h) , 
we see: The only outcome in AOB is . 

23. The probability that both A and B , occur is 



2^;. We can use the results of Items 19, 21, 22 to check: 
P(AnB) P(A) • P(B) . 





As we have seen, it sometimes happens that 

p(AnB) = P(A) • P(B) 
But does this result always hold? 
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sir/ Let us return to* the* second experiment in Section 6-1 • In it, we drew 

a marble but we did not replace it before drawing a second marble • 

%^ In this case, what did you expect? Before you go on, think! Is^the 

^ probability of the event "red on the first and yellow on the second" the sane , 

|%_ as in the first experiment? Is the /et of equally likely outcomes the same 

P'- . for both experiments? 

i Read on, to verify your reasoning. 



GR, GY, YR 



RY 



1 
Z 



RG; RY 



2 



1 

or^ 



RY; GY 
2 1 



1 
9 



This 
is: 



time, the tree^iagram showing the possible outcomes 



25. 

27. 
28. 

29. 
30. 

31. 



33. 




The possible outcomes are RG, RY, 
YG. All are equally likely. 



, and 



The only outcome in the event "red on the first draw 
and yellow on the second draw" is . 

The probability of .red on the first draw and yellow 
on the second is / That is, P{snT) = | . 

If S is the event "red on thfe first draw", the out- 
comes in S are and . 

P(S) ^ . 



The outcomes in the event T : "yellow on the second 
draw" , are and . 

P(T) = . 



P{S) • P{T) = 



p(SnT) P{S) - Vi'S) . (Recall that r(snT) = t- 



This time the protf.lility of red on tho first draw and yellow on the 
second--P(SnT)--is a nu.'nber different fi-om the product P(S) • P(T) . 
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6-3' Independent Eventg^ Some Preliminary Ideas 

In each experiment in Section 6-1 we were concerned with drawing two 
marbles from a box. * 

On the first experiment we replaced the first .marble, before drawing the 
second* In this case, it seems natural to^'say that the two draws are indepen- 
dent ./ If we know, for example, that the result of the first draw was red, 
this knowledge does not affect the probabilities we assign to the possible 
second draws. j 



In the second experiment, in which the 'first marble was not put back, we 
recognize that khowing what happened on the first draw has a bearing on the 
probabilities assigned to the second draw. In this case the two draws are^ 
not independent. 

We wiJJ. find that a precise definition of independent events is a little 
more complicated than this simple example would soggest. However, in certain 
experiments that involve two action^' — like throwing a die and then spinning 
a spinner, or drawing dne marble and then another — it usually is easy to rec- 
ognize independence. In such cases, we feel intuitively that^^tvo>vents are in- 
depeadent when the occurrence of one does not affect the probability of the other. 

In each of the following experiments, compute P(a), p(B), and P(An B) . 
Dec i<}^ whether A and 3 are independent. 



1 
i 
1 

3?? 



Experiment: Throw a die twice. 
Bverit A is 5 on the first tlirow. 
Event ' B is 3 on the second throw. 



1, 

2. 



P(A) = 
P(B) = 



pCade^ = 

A and B 



(are, nre not) 



independent , 
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1 

2 
1 

12 
are 



2 

5 
2 

5 

20 ' 



or 



10 



are not 



Experiment: Toss a penny and a die. 
Event A is head on the penny. 
Event B is 3 on the die. 



5- 
6. 

7. 



P(A) = 
P(B) = 



p(AnB) = 

A and B 



are, are 



not) 



independent . 



Experiment: We have a Jar containing 5 marbles, of 
which 2 are red, 2 are green, and 1 is blue. We 
draw a marble and then draw a second marble without 
replacing the first. 

Event A is green marble on the first draw. 
Event B is green marble on the second draw. 

9- P(A) = 

10. P(B) = 

11* P(AnB) = 

12. A and B independent. 

(are, are not) 



If you had trouble with Items 9 to 12, examine the tree on, page 76 and 
complete Items 13 to l8. If not, omit them. In making the tree,.. we think 
of the two green marbles as G, , • Likewise the two red marbles are 

«2- 



called 
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2 

5 
2 

5 

jj_ 

25 
are 



Experiment: We usft the 


same jar of marbles as in 


ItjBms 9 to 12. (2 red, 


2 green, 1 blue.) We draw a 


marble, replace it, and 


then draw a second marble. 


Event A is red on the 


first drew. 


Event B is red on the 


second draw. 


17. ?(A) = 




18. P(B) - 




19. P(AnB) = 




20. A and B 


independent. 


(are, are not) 





21. Tvo dice are thrown. The event "even on the first 
die" and the event "odd on the second die" are 
[a] mutually exclusive. 

[B] independent. 

[C] both. 

[D] neither. 



If we know that "even on the first die" has occurred, 
we do not change our idea about the probability of 
"odd on the second die" . Hence the events are indepen- 
dent. Both can occur (as in the throw (1*,3)). Hence 
the events A, B are not mutually exclusive. You 
should have answered [B] . 

We have observed a number of examples in which the formula 

P(AnB) = P(A) • P(B) 

is tpxe. We have obsei-ved, 'too, that in all the examples where the formula, 
holds, we feel intuitively tha^ Knowing whether A has occurred does not 
influence ova: thinking ahout the probability of B . We have called events 
A, B for which the fonnuln holJc independent events , noting that our examples 
fit oui- every day usage of "independent". In some situations it is not 
evident whether two event;: are inilepenJent . Independence will be discussed 
further in Chanter 7. 
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: i . n : r.i in :c: < r. ? 

; ^^sre ri.^.^ii. excl.'ive. ve knov tV.at if 

„\'.e Os-c .rr t e er Joei r.ot . ti.oe :r we Kr.ov K has 
O'^c'.i-rei. • o p:v':Mi:^. :r---: : r.^.' occurred ir 0 . 

: n r ^ ^ . ' .t r i ' r r W 0 . Ine events? 
?. r ^.re; ir/ieper.:^ent . Vo . rio.lJ r/ive responded ' ?/ . 

f : . ? ; - 1 -r--.erc rr:l': :^:^ier, -:r.d il E ^nd F 



C' • . ' 



^ 'rc'"^ re i rnu ^ cf 



Since this experiment involves spinning twice, it seems/?^sonal»le to 
see whether our formula for independent events apj|Lies . 



are 
1 

c 

1 
IT 

111 
IT • IT^ 



9. We reason that "red on first spin" and "red on second 

spin" independent events* 

(are, are not) ^ 

10. P(red on first spin) = . 



11. P(red on second spin) = 



12. P(red on both spins) = P(RR) = • , or 









13. Similarly, we find 




l' 
IT * 




3 


p(rg) = • 


; or . 




1 

IT ' 




P(GR) = • 


; or . 


i- 


h 


Q 

1^ 


P(GG) = ' 


, or . 



If you check, you will find that these vfilues for the probabilities 
fit with Items 7 and 8. 



lii. Moreover, if the probabilities have these values 
then 

P(RR) + P(RG) + p(GR) + P(GG) = . 



Once again we observe that the formula 

P(AnB) = P(A) • P(B) 

^applies where A, B are independent events.. 

3n each of our earlj^er examples in l|his chapter, we could begin ty 
forming a set of equally likely outcomes.' However, as just illustrate!, we 
.need not always begin with equally likely 'outcomes . 
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6-5. Another Example of Independent E^^ nts . 

Examine the spinner sboVn here. 
One-fourth of it is red, one-fourtli 
is gr^en, one-fourth is blue, and one- 
fourth is yellow. The region for each 
color is divided into thi'ee smaller 
regions of equal area. Of the three, 
' one section is labeled X, one Y, 
and one Z . 



Blue 



If we want to find P(red) on 
one spin we can, if ve like, ignore 
the letters. 



Yellow 




Red 



Green 



'yellow 




1. We can think of the total set of equally likely out- 
comes as {red, green, blue, } . 

2. Ve see at once: P(red) = ' 



However, if we want to find p(X) ocf'one spin we can ignore the colors, 
We need only note that the three outcomes X, Y, Z are equally .likely . 



3. P(X) = 



1 ' 

□ ■ 



We cou3.d ive found ?(red) and also P(X) by considering the set of 
12 outcomes {red X, red Y, red Z, green X, green y, green Z, blue X, ^ 
blue Y, blue Z, yellow X, yellow Y, yellow Z) .-..All of the outcomes in this 
set are equally lively. 



1 
IT 



There are 



out 



tcomes wherJ the color is red. 



(how I many) 



P(red) = ^ 



6. There are 

7. P^X) = 



outcomes where the letter is X . 



vmat 



is the probability of getting a red X on one spin^ 



12 
P(X) 



8. We might think: The event red 0 X has 

Chow many) 

outcome! s) . 

9. P(rednx) = ^ 

10. Observe that P(rednx) = P(red) • ^^ 



- In our previous examples of independent events, we had two actions (like 
throwing a cie and then spini.ing a spinner, or tossing a coin twice) . Here 
we-*aye^ one spin. However, it still seems reasonable to regard X and 
red as independent events. 
Here is why. 



1 

3 
I 

3 



1 . 1 

3 ' 3 



Suppose we spin the spinner. t 

11. Our probability of getting X on the spin is ^ , 

because the X regions cover of the spinner. 

Now suppose we spin, without looking at the spinner. 
Suppose soiJeone looks and tells us that we got red . 

12. We continue to feel that our probability of X is 

, because the red X region covers of 

the red region. , 



Knowing what color was spun- does not change our idea of the probability' 
of X, . Hence'the situation again illustrates independent events. Again we. 



can use the formula: 

r 



P(AnB) = P(A) 



But now consider this spinner, 
where the red Y region is ^ the 
areai Suppose ve spin it. 



Red 




Green 
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1 
IT 



are not 



1 

2 
1 



r 





13. ^The probability of spinning Y is 



lif. Suppose we spin, without looking, and someone tells 
us that we have spun green. With this knowledge, we 
say: We judge the probability that we have spun Y 
to be . 

15. We"reel,.in this case, that spinning green and 



spinning Y 



are, are 



not) 



independent evfents. 



16. Notice that: 



p(green) 
P(Y) = 



P( green Y) = 



17. P(green Y) P(green)p(Y) 



In the next chanter we will learn more ^bout this kind of situation. 



6-6. 
1. 



Exercises 




(Answers on p. 133 •) 
be the event that a tail 



Let 



Let B ie the event that a head 



You toss a coin twice in succession 
shows on the first toss of the coin 
shows on the second toss, 
(^a) Are events A and B independent? Explain. * 
(b) Find the probability that the coin will shoV tails on the first 
toss and heads on the second. 



/Green \ 


1 


Fed \ 


\ Red 





The four 


/\ Red 7N^ 


The six 


sections 


sections 


are equal. 


/ GreenX y Whiti 


\ are equal. 




\ Red Red 





Bla3 

Both pointers are made to spin, 
(a) What is the probability that both will stop on red? 
'(b) What is the probability that both wi^^l stop on green? . 
(c) What is the probability that the poirter for A stops on whitej and 

the pointer for B scops on blue? 
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If you have a bag containing f^ve black marbles and four white marbles, 
what is the probability of drawing two white marbles from the bag if 
one is drawn and then replaced before the second drawing? 

In problem 3; what is the probability of^ irawing two white marbles if 
the first one is not replaced before th? second drawing? 

Assume that each time a child is bom the probability of a boy is | , 

and. of a girl is |- . 

(a) If a family with two children is selected at random, what is the 
probability the children are a boy and a girl? 

(b) What is the probability that the older is a boy and the younger a 
girl? 

(c) What is the probability that the older is a girl and the younger a 
boy? 

(d) If this family have a third child, what is t|he probability that it 
will not be a girl? 

On a baseball team, player A has a batting averpge of .320 an^ 
player B»s batting average is .280 . Both players .come to bat in 
the seventh inning, \ssume that "hit for A" and "hit for B" are 
independent events . 

(a) Wliiit is the probability that both A and B/get hits in the 
seventh inning? / 

(b) What is the probability that either A, of B, or both, get hits 
in the inning? 

John and Jim were born the r.ame year, and each married at age 21. Use 
the Actuaries Table of Mortality, p. U8 of Chapter h io find the 
following probabilities: 

(*) The probability that John is alive at age |70\ 
(L) The'probability that both John and Jim are aliVe at a^e 70. 
('c) The probability that at least one of them is^ive at age 70. 
In each of 2 laundry bags >ou have* some socks\ not sorted into pairs. 
In one bag there are 5 black socks and h blu\ socks --9 socks in all. 
The other bag contains 15 socks, of which 7 are black and 8 are 
blue. If you pick one sock from each bag without looking, what is the 
probability that: 

(a) both are black? 

(b) both are blue? 1 

(c) one ii. black anO^^ie is blue? 
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9. There are 5 socks, unsorted, in a bureau drawer. Of these, 3 Q^e 
blue and 2 are green. ^ If you -reach into the drawer in the dark and 
take out 2 socks, what is the probability that: 

(a) both are green? 

(b) both are blue? 

(c) one is green and one is blue? 

10. ^ A certain problem is to be solved by 2 men, A and B . The probability 

that A wiil' solve the problem is | , and the 'probability that B will 
f.olve it is ^ . Ass'ome A and B work separately, so that the events 
involved are independent. ^ 

(a) What is the probability that the problem will not be solved? ^ 

(b) Wliat is the probability that it will be solved by A and not by B ? 

(c) What is the probability that it will be solved by B and not by A ? 
- (d) What is the probability that it will be solved by both men? , 

(e) What Is the probability that it will be solved? 
The following problems review idoas from earlier chapters. 

/ 

'-117'' When 6 coins are tossed, what i^s the probability that at least 1 head 
will be obtained? 

12. There ax'e 5 sticks. One is an inch long, one is 2 inches long, and 
so on up to 5 inches. A person picks up 3 of these sticks at random. 
What is the probability that he can form a triangle with them? Remember 
that the sum of the lengths of any two sides of a triangle must be 
greater than the length of the third si'de. 

13. If two dice are thrown, what is the probability that the sum of the 
faces is either odd, or less than 5 , or both? 

lU. Four cards consist of the ace and king of tearts and the ace and king of 
spade;;. One card is picked at random. 

(a) ' Wlie^t is ^.he probability that the card is eitheJ an ace or a spade? 

(b) k-hat the probability that it is either an a<|e or a king? 



«3 



15. Of the 15 boys in homeroo^n 107 of Smith Junior High School, 11 signed 
up for noontime intramural buselall and 3 signed up for noontime intra- 
mural basketball. Two signed up for cai'eteria ^ork and cannot participate 
in noontime games. Every boy in the room has signed vp either for 
cafeteria work or for one 'or loth of the sports. If Bob is a member of 
homeroom 107, what is the probability that he 

(a) signed up for baseball? 
. (b) signed up for basketball? 

(c) signed up for either baseVall or basketball? 

(d) signed up for either baseball or cafeteria duty? 

16. A spinner has 2 colors,v green and yellow. Green is twice as likely 
as yellow. Find P(green), P(yellow) . 

17. A certain experiment has 3 outcomes, A, C . A is twice as likely 
as B , and C is three times as likely as B . Find P(A) , P(b), P(C) . 
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Chapter 7 
CONDITIONAL PROBABILITY 



7-1, An Experiment 

Here is a spinner which we have seen before. The red X, red Y, 

green Y, and blue X regions all have 
the same area. The blue Y region has 
^ ^ ^ twice the area of the blue X region. 

Blue 




Red 



rreen 



We wish to conduct 100 trials of the experiment, "spin the spinneV and 
to record the results both by color and by letter. You may either 
(a) build such a spinn<^r 



OR 



(b) read below. 

Note that for our spinner; P(red X) = ^ 

P(red Y) = ^ 
P( green Y) = ^ 



P(blue X) = r 

P(blue Y) = I = J 

Is there any experiment that you have already performed in which the 
probability ^ occurs? 

1 Look back to the experiment of Section l-^. 

I For a throw of a die there are six outcomes, each with probability ^ 

Suppose we regard "5 or 6'" as s single outcome. Then | 
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a? 



05 



P(l) 
P(2) 
P{3) 



1 
1 
1 

d 

1 



P(5 or 6) - ^ = J 



Thus you cwi uce your record of throwing a die 100 times to simulate 
100 spins of a spinner • (To simulate is to imitate, to make conform to the 
same lavs • ) . • 

You simply match each number thrown with a spinner outcome, as follows: 



1 

2 
3 

' k 
5,6 



red X 
red Y 
green Y 
blue X 
blue Y 



Thus if the first 5 numbers in your die experiment were 3 5 5 3 / 
you would record: 

blue X, green Y, blue Y, blue Y, green Y 

Before analyzing your record, it is interesting to see what results might 
be e^ipected. ^ 



Exerc ises 



(Ans/rers on page I36 .) 



By thinking about the spinner (or the die), you should be able to detennine 
ttie following probabilities, and ans'^-^r the questions. 

1. P(b3 ) = _ 

2. ?(X) 

3. P(blue X) =-- 



Note: P(blue t) is the seme as r(blue and X) 
Is it true that P(blue 
.5. Are the events "blue" ar.d "X" independent 
6. p(green) = . / 



:ERIC 



96 



?• Are "green" and "X" independent events? 

8. Suppose we know that the spinuer has stopped in trie red region. With this 
knowledge, what is the probnbility thvt the spinner shows X ? 

9. Are "red" and "X"' innependeiit events? 



Questions on the Experiment 

Using your record (either for the spinner or for the 100 throve of a die), 
answer each of ^he following. (Our T^esulxs are on page 123 •) 

1. ^at fractirn of zne spins are red X ? red Y ? green Y ? blue X ? 
blue Y ? 

2. What fraction of the spins are X ? 

3. What fraction '^^'^jp^- spins are >:ed ? blue ? 
U. Do your resu<if^s yield (approximately^ 



?(blue X) -Wblue) • ?(x) ? 



5. 


Examine only tnc 


ce spine xh-^t are bl';*^. 


What fractirn of 


these 


are 




Is the answer to 


^ approxinately the 


some as the ansver 


to 2 




7. 


Examine only the 


3e opinn that are r*^d. 


\<hat fraction of 


these 


are 


8. 


Is the anrwer tc 


7 apprcxiniQtely the 


.'n.iie iiz th^- answer 


to 2 


9 



7 -2 . Introduct i - r. 



Sometimes during t:.o co,.r f nn exp'^rim-nt ^'e rLO'-Jvc pnrtial information 
which causej Uo t. :on.l: : ^iir ,:'idgmjnt about the probability of some eve'nt. 



deck , 



playm^^; -^.ar': at rrncom fr m r regular 52-card 



hi - 
52 ' IT 



T5r^'. : . Ity t^^>t tr.- --arri c'.*L'*?ted is a spade 
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5? 
13 

.13- 
52 ' 



1 

or 



2. To obtain P(sp8d,e) ^ we reason as follows: 

Every one of the 52 cards is equally likely. 

» Our* set cf outcomes has " » e lements ^ each 

(how many) 

having probability . Since there are 

13 spades, the event "select a spade" consists 

of elements. 

(how many) 

Hence P( spade) = . *^ 



\ 

Once again, a friend selects a card at random. This t^e, however, before 
ve judge the probability of a spsde being selected, the ffiend tells us that he 
has selected a black card. Stop and think. With this information, is "spade" 
more likely than before? 



13 
2o 



26, 13 



has 



greater 



3. Reasoning as before, we conclude that, since the card i£ 
black, the probability of a spade, given that the card^is 
black, is , or . 

We shall write P( spade; given black)* in place of "the 
probability of a spade, given that the card is black". 

We know that our set of possible outcomes now contains 



only^ 

(how many) 
spade? 



elements. 



^how many) 



are in the event 



The information that the card is black 

(has, has not ) 
caused us to change our Judgment of the probability of 

the event spade. 

Notice that P(spade, given black) is 



/N^han P( spade). 



(leGs, greater) 
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We could express our results of Items l-h as follows: 

The probability of selecting a £pade at random from a 52-c8rd 
deck is r- . 

The probability of selecting a spade at random from a 52-card 

deck is ^ , given that the selected card is black , because we 

know that the card is one of a certain 26. 
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I' *■ " ■ . , 


- 


7 


> 

f 


As before, a friend selects a card. This tirie he tells us 






that the card selected is red. 






7. P( spade, given red) = 




r 

^ " less 


8. Notice that, in this case, P(spade, given red) is 




+'Hp'n Pi <5T>nfJp ) 

([less, greater) 




A 




Suppose our obliging friend, after selecting a card at random, 
tells us that he has chosen an. ace. 




A 1 

f ■ IT 


9. P(spade, given ace) = 




; does. not 


10. In this case, the additional in rmation 






(does, does not) 
result- In a change in our judgment of the probability 






that the card is a spade. 




Here is anoth*^-^ example. 




?.l. The set of possible outcomes for- the throw of a die 




{1,2^3,^5,6} 


is {1, }. 




1 


12. The probability of getting a U is 

13*. A die is'thrown. Suppose someone whispers to us that an 
even number is showing. The set of possible outcomes 






is now 




1 

3 


lU. The probability now that we liave a U is 
^,uite 0 difference! 




Now for a slightly more complicated case. A class consists of I5 boys 


and 10 girls. 


Four of the boys and three of the girls are left-handed. One 


meiaber of the class ij; selected at random* 


15 3 


15. ?(boy) = . ^ . 




7 
25 


16. Pf left-handed) = 




25 


17. P(boy and left-handed) - . 






'^9.0 ■ ■ ■ • 





15 

k 

7 



15 
k 

7. 



7 



Now! 



18. P( left -handed, given that a boy is selected) = 

19, P(boy, given that a left-hander is selected) = 



If you answered Items I8 and 19 correctly, skip Items 20-25. 

20. There are boys. 

21. Of the boys, are left-handed. 

(how many) 

22. F( left-handed, given that a boy is selected) = 



23. There are left-handers in the class? 

(how many) » 

21^. Of the left-handers, are boys? 

(how many) 

25. P(boy, given that a left-hander is selected) 



In our examples of this section we have encpuntered situations in which 
we were asked to determine the prob^abilities of events p "ter some information 
was received. That is, we determined probabilities subject to some restriction 
(or condit ion) on the set of outcomes. Probabilities such as P(boy, given that 
a left-hander was selected) are known as conditional probabilities. 



26. Some coins are tossed. Let E be the event 
"exactly two heads show". Then P(e) 

[A] is ^ [C] is 0 

[B] is n- [D] cannot be determined 



If two coins are tossed, [A] is correct.; for three coins 
[B]; and if only one coin is tossed, P(e) = 0 . fD] is 
the correct response. V/e cannot determine P(E) until we 
know the set of outcomes of which E is o subset. 



Item 26 serves to remind us thr,t oil probabiliti'^s are in a sen^e "con- 
ditional". For a particular case. If is the set of all possible outcomes 
and if E is an event, we have written F(E) . We could have written 
P(E, given S). If the set C Ig understood, then there is no confusion 
about what is meant by P(5). 
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Review Items 11-lU. Before the die is thrown the event "U" is one of six 

equally lijcely outcomes and hence ?{h) = ^ . After we learn that the die 

shows an even nurSber we are led to consider a reduced set of outcomes {2,^*^6). 

With reference to this new set of three equally likely outcomes, given 
•1 * 

even) = j . 

In the example about the left-handed students (items I5-I9), we begin by 
selecting at random one student from a class of twenty-five. Our set of possi- 
ble outcomes has twenty-five equally likely elements. Cince seven are left- 
handed, we have P( left -handed) = ^ . When we learn that a boy has been 
selected, our attention is focused on a reduced set of outcomes which has I5 
equally likely outcomes. _ In this reduced set there are only k members of 

the event "left-handed", hence P( left-handed, given that a boy is selected) 
h 



A diagram for this situation is the following. 




Boys 



25 
25 



27. There are J students, so our full set of 

outcomes S is represented by dots. 



When we think of P( left-hander), we think 




93 



25 



28, The event ^^iW't-hander" is a subset of the original 
♦ set S of possil^le outcomes, . P( left-hander) = 



When we think of P( left-hander, giv^n that a boy is selected) we use the 
reduced setjof outcomes "boys". We look only at part of the diagram: 



15 




29. We think about the event "boy and left-handed" as a \ 
subset of the set "boys*', 

P( left-handed, given that a boy is selected) = , 



In a general case, we nre interested in an event E of some known set of 
possible outcomes S . If some information leads us to consider, only some 
reduced set of outcomes, F , we then wish to find P(E, given F).* The 
question arises: Suppose we know ' 

P(E), P(F), P(SnF) (Note: We ere given S,) • 

Can we determine P(E, given F) ? 

For all oar examples, the answer was "yes". It seems reasonable that 
a general aiethod (a formula) might be developed. Perhaps we can use our 
example of left-handed students ^0 help us guess at a fonrul:i. 



25 

7. 

25 

25 



30. P(boy) = S 



(Item 15) 

31. P(left-hended) = . (item l6) 

(Item 17) 



32. P(boy and left-handed) . 
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33* P( left-handed, given boy) = • (Item l8) 

How nay we (arithmetically) use 25 ' 25 ' 25 ^^^^ 
k 

fashion to obtain ^ ? Yoy might try adding, multiplying, 
etc. . tf 

Did you happen to notice that 

in. 



31* 



15 □ 



35. Fcr this case. 



1. ^ ^ ^ V \ P(boy and left-handed) 
P(left-handed, given boy) = — ,r .-r-i 



P( ) 



7 

Notice that in Item 3U we do not use P(le'Pt -handed) = ~ 

25 

8t all I 

Does 8 similar method work for P(boy, given left-handed) ? 

36, From Item I9, P(boy, given left-handed) = . 

15 7 1+ k * 

Can you use 25 ' 2^ ' 25 obtain ^ ^ 

'37. Of course! 

15 

Notice thet, in Item 37, we did not use P(boy) = ®^ ^^"^^ 
3d, We he seen (Item 37) 

P(boy ana left-handed) 



P(boy, given left-hsndedj 



p( ' ) 



39. Would you like to guess at a ^general fonnulo now? 
Items 35 end 38 should lead you to guess: 

If E and F are events, then 

P(E, given F) = ^^p( ^ ^ . ^ 
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In Section 7-3 we will develop the formula of Item 39 on a rngje general 

basis* 

Before going on, it is convenient to introduce a not at ion • Instead of 
P(£, given F) we if 111 write? 

P(E|F) • 

This is read "the conditional pi^obability of E, given F"/ 

E is the event in which we are interested. • F is the reduced set of 

* 

outcomes. Since F is a subset of S, F ^is also an event. 



given 

conditional; X 

p(r|t) 



ho. P(A|b) is "the conditional probability of A, B"* 

hi. P(x|y) ^is the probability^^of , given Y. 

U2. is the conditional probability of r/ given T; 



Referring to Items 15-19> l^t B* be the event "a boy is selected", 
L be the event "a left-h.ander is selected". 



left-hander; boy 
h^ 

P(B|L)^ 

h 

1 



U3. P(l|b)* is the conditional probability that a 

is selected, given that a _ 

is selected. 

hh. P(l|f) 



(Item 18) 



(number) 

M5- P( I ) is the conditional probability that a boy iJ3 
selected, given that a left-hander is selected. 

he. P(b|l) = . (Item 19) 

( number) 

Notice that P(b|l) / P(l|b) . 





U7. If 


P(E) = 1 , 


Lhen P(EjE) = 






* 1 


[Cl 1 




[B] 


0 


[D] You can't tell 



P(e|e) is the probability that E occur* given that E 
occurs * For example, we toss a coin. Let E be the event 
"head". Someone tells us we got "head". In this case we 
a:r^ sure. P(e|e) = 1, so [A] is correct. 




TExercise 



it- ■ 

suppose 



(Answer on page 136 .) 



mM^ laenbers. 



S has 10 members, all equally likely. • Suppose E has k 
F has 3 members, and EOF has 2 members. Draw an 



1^^. aHJJJoprlate diagram. Find P(e), P(f), P(EnF), P(e|f), , P(F|e). 



\ Experiment 

In your class, determine the number of right- and left-handed boys and 

girls. Pretend thet^one student is to be selected at^ random. Let B, G, L, 

B have the obvious meanings. Find ^ 



(a) 
(,b) 
(c) 

(a) 

(e) 
(f) 
(g) 
(h) 



P(B) 
P(G) 
P(L) 
P(R) 

p(BnL) 
p(BnR) 
p(GnL) 
p(GnR) 



(i 

a 

(k 

(1 

•(m 
(n 
(o 
(P 



P(B|L) 
P(G|L) 

p(b|r) 
p(g|r) 

P(L|B) 

p(l|g) 
p(r|b) 
p(r|g) 



If it is not convenient to determine right- left -handedness, take L 
to be the set of students sitting in the left-hand row of seats in, the class- 
room. R would then be the set of all other students. For a discussion of 
this experiment, see page 121* . 



7-3. A Formula for Conditional Probability 
^ We saw that, xfor our example of Section 7-2, 

p(BnLy 



f(b|l) 



We shall try to discover whether this formula holds for all cases. Ve 
begin with 'Another example. 

Suppose that a set of outcomes, S, has six elements a, b, c, d, e, f . 
Hie probabilities of these outcomes are shown in the following diagram . 
Event E,=t {b,c,d} . Event F = {c,d,"e}. *Ve are interested in P(E|f). 



^ 



97 



105 




•Hie sum of the probabilities of the elements of S is, of course, 1* 
IDiet is, P(S) = 1. Outcome d, for instance, accounts for ^ of the 



probability of S.' 



2. 

10 



10 
10 



1. P(E) = i- + -i. + ^ = □ 
nc.; " 10 10 10 ^ 10 



Event E accounts for of the probability of S. 

2. oP(F) = D - . 

3. P(EnF) = ^ , since EOF = {c,d) . 



Since we wish to compute P^Eji'), our attention is directed toward F, 
the reduced set of outcomes. If we are given that F has occurred, then we 
are concerned only with outcomes c, d, e. , 




98 

106 



10 

_6 
10 

f 



10 



10 
10 



10 



1 



Prom Item 2, ?{?) ^ ^ (given S!) 

Tl)e total of the probobllitie^ ?itt«ched to outcome 
c, d, e in 

(fr-ct ion) 

Outcome d, whicn accounts for ^'^-^ probability 

of S, accountr for i (or i ) of the probability 
of 



Notice that 



10 
10 



1 . Outcome c acccuntr, for of the probability 

( fraction J 

of y. 



8. Similarly, outcome e accounts for 
probn. ility of f\ 



of the 



[frnctlon) 



We n:fjy thi^ik of ^ , i , \ Ji.s the probabilities of 



c, d, e relative to F. 



Adding, we 



1 1 1 



r^et us d3%v f; new d:nr;rf'in, r.itijol.ing nvmlers to c, d, e tiiat indicate 
their probalilUler (wei^a.ir ) i-^-l?it Ive to 




erJc 



99 



J07 



10« Complete the following table. 








' (I) 


(II) 




Outcome 


Probability, 


rTODOulilty , 






given S 


given F 


/ 


c 


1 

10 




d 
















e 
















Compare your teble with the one given telow» 









(IT) 


Out come 


Probability, 
given S 


Probability, 
given'^ F 


c 


1 

10 


1 

6 


d 


W 


1 

2 


e 


? 

10 


1 
3 



1_ 

10 

J. 

10 

1 

3 * 



10 



10 



notice that if ve multiply the entries in column II (item lo) 
for c, d, and e by — obtain the corresponding entiy 
of column J. 

1 t 

11. ^or c 



i. 10 



For d 
For e 



To " — 

10 IC 



Why ir. important? 
We are interested in F« 

lU. P(F) = (given C!) 



100 

108 



^^^^ 




\6 
IX) 



i 



10 



10 



P(F) 



Of course, we Usually start (as in this example) with the 

entries in coluinn I. 
* » ^ 

15. For outcc^es c, d, and e the entries in column •JI 

are' obtained from those in column I by dividing by 



16. For c 



17 . For d 



io . For e 



1 

10 



10 
10 



10 
10 



We began with the problem of computing P(E|f). Tiius far we have . 
examined the reduced cet of outcomes. F.' We have attached new probabilities 
t(5 the outcomes of F. Thete new probabilities are obtained by dividing the 
original probabilities (givers S) by P(F). 

( 

, At ^ast we are ready for P(e|f). 



EOF 
(c,d} 



10 ^ 5^ 



5 ^" 3^ 



E = (b^c/d) , F = (c,d,e,f} 

20. Since we- are confining ourselves to F, we are 
interested in those elements of E which are also in 
F. These elements are those in the set E F 

21. EOF = {c, ] , 

22. Considering EOF as an event in S ; 

• p(^^^) = ^^il = B • 

23. Considering {c,d} as an event in F , 
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It is iinportant .t® notice (re'calling Items 19, 22, and 23) 



P(P|p) . £(snF) ; 

^ p(F) 



10 



We have gone througr. tr.ic example quite carefully end we have reached 
the conclusion , 



(1) 



The arganient may be repeated for any set of out cones , S end for any 
Clients E, F provided P(f) / 0. Thus, (l) is a formula for finding 
P(£|f) if we know P(Enr) and ?(F). 



2^. If ?(F) C, then foitnula (l) involves division 
cy , which is never permissible. 

In the remainder of the text, ue shall assume; • if we refer 
to a reduced set of outcomes, its probability is not 0. 



Let uc sppl;;: Formula (1) to twc of c^r examples of Section 7-2. (Ycu 
should also review Iter.s ':0^:9 of Section '-2,) 



1 

2 
1 





/* die ic t 


nrcvr. , 












Let Z "ce 


the event "'2' 




t! e 


event 


"an. even nar.ber 




L : cwc" T 










i 




. ?(?) 










• 






D - 












r . ?''::' r 


> ?(i:nF) 








(r;ee Tten lU, 










Cection 7-2. ) 




■Jov i'-e r 




?(.-;! 




1 








i.- c.-.-e PC;) 






^) r" 










'-, /■) 









'1 i 0 



1^ 

52 

52 

1 
7 



A card is selected at random from a regular 52-card deck. 
Let E be the event "spade", F the event "ace". 



29. P(SnF) = ^ 

□ 



30. P(F) = 



31. P(E|f) 



52 



P(En F) 
P(F) 



=^2 



Motlce that P(E) = ^ , P(E|f) = ^ . 
-Z. In this case ?(£) P(e|f) 



(See Item 9, 
Section 7-2. ) 



Tbe following exercises are provided m order to give you practice in 
using formula 



Exercises 



(Answers on page I36 .) 





If 

(6) 


P(E) = .2 , 
P{E|F) 


2.' 


If 


P(A) ^ .3 , 




(e) 


P(A|3) 


3. 


If 


?(x) = 1 ^ 


K. 


(a) 


p{x|y) 


If 






(a) 


p(a|e) 




If 


P(E) = .7 , 




(a) 


p(EnF) 


6. 


If 






(a) 


p(EnF) 


7. 


Suppose E and 

p(e|f) ? P( 


8. 


Suppose h is 



?(F) = c , ?(snF) = .1 , find 
(b) P(F|E) 

?(3) = .2 , ?(An3> = .16 , find 
(■#} P(3|A) 



~ h 



'h) ?(y!x) 



(b) p(b!a) 



(b) P(EUF) (Hint: Use result of 5( a) . ) 



(b) P(EiF) 



(c) P(F|E) 



8. Suppose E is a subi.e-* of F ; wnat may we say about P(e|f) ; P(F|E) 



7-^» Revlev and Exercises 



A, given B 

conditional 
B • 



p(x|y) 



\ 



p(f) = 0 
p(£nF) 



0 (since 

P(EnF) = 0) 

P(EnF), P(F) 



!• P(A|B) means "the conditional probability of 

2, P(b|a) means "the probability of 

given A" . 

3. The conditional probability of X given Y is 
written as P( ) a 



U. If S is the set of all possible outcomes" then 

p(e) p(e|s) . 

5, The conditional probability of E given F -is^ hoc 
defined if P( ) = 0 . 



6. P(E|F)=4^ 



7. If E and F are mutually exclusive, then 

|p(e|f) = . 

'P(eIf) is the ratio of P^ )_ to P( . ) ' 



9- If 


P(E) / 0 , P(f) / 0 , then 






' [I] p(e|f) = p(f|e) 






[III p(e|f) / p(f|e) 




[A] 


I is ^?lways true. 




[B] 


'11 is always true. 




[c] 


Either -I or II may be true. 





For most of our examples and exercises [II] has been true. 
Exercise 6, Section 7-2, shows that fl] may also be true, 
[C] is correp^t.^ 



m2 



10. If ?{£) ^ 0 , P(F) / 0 ; then 

[I] ^ P(e|f) < P(E) 

[II] P(e|F) > P(E) 

[III] P(e|F) = P(E) 

[A] III is always false., 

[B] Any of the three may occur. 

[C] II is never true. 

[D] I is always true. 



Review Items 6, 8, 10 of Section 7-2. (B] is correct. 
Those special cases where P(e|f) = P(E) are discussed in 
Section 7-6. - ' f 

\ 



Exercises (Answers on page I38 .) 

199 

1. A letter is selected at random from the word "about". What is the 
probability of selecting: 

(a) a vowel? 

(b) an "o" given that a vowel was selected? 

(c) a "b" given that a vowei^was relected? 

(d) 8 "t" given t-iat a consonant was selected? 

2. A red and a 'green die are tossed. Wh.at is the piobability that: 

(a) -che sum is under 5 ? 

(b) the sum is under 5 given that the red die f,hows a 2 ? 

(c) the sum is under 5 given that xhe red die is 5 ? 

, (d) the sum is under 5 given that the green die shows an odd number? 



s 


a I X 






\ ^ ) ^ 
c h 


i ) 


d 







S = {a,b,c,d,e,f,g,h,l) 
(a) P(E) , 
M P(F) , 

(c) P(E|F) , 

(d) P(F|E) . , 



All outcomes are equally ^ikely* Find 
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Consider the spinner shown here. Each of the 12 small regions has the 
same area. 



Red 



White. 




Plue 



Find 

(a) P(Red) 

(b) P(l) 
^(c) P(Redni) 

(d) P(iBlueU2) 



(e) P(Red|l) 

^ (f) P(l|Red) 

(g) P(2) 

(h) P(2|White) 



(i) P(White|2) 

(j) P(4jRed) 

(k) P(Red|Odd) 

{£) P(White|U) 



There ore h balls in a box: 2 black and 2 white. Balls are drawn 

out in succession and kept out. Any ball in the box has the same chance 
.of being drawn as any other. means black on first draw, B^ means 

black on second, B^B^ means black on second and third draws, etc., 

Plnd tiic fullowing probabilities: 
^(a) P(B.^!b^) 

(b) pCb^Ib^b^) 

(c) p(bJw,) 

(d) PCW^iBgB,^) 

The diagram shows a cet, 3, of outcomes and the probability of each 
outcome. Events A, B are indicated. 




(••) 


P(d) . 




P(AUB) 






} 


T)/ A Its \ 

PvA|B) 




P(B) 


(g) 


p(bJa) 


(a) 


p(AnB) 







7»»'An analysis of the success of *;eather f07*ecast8 for. a 200~day period 



t8. 



in a certain city shows 












Wet 






• 


Day 


Day 


*' Forecast: 


Rain 


30 


20 


Forecast; 


No Rain 


30 


•120 



!nie table is to be read as follows: there were 50 days for which rain 
was predicted* Wet weather (rain) occurred on 30 of .these days, etc* 



Let 



R be* the event "rsin predicted", 

N be the event "no rain predicted", 

W be the event "wet" (i.e*, it did rain), 

D be the event "dry" (i.e.,- it did not rain) 



(a) 



(b) 

(c) 
(d) 



A picnic is planned for a certain day. The weather prediction is 
"rain"* What is* the probability that it actually is a wet day the 
day of the picnic? , ♦ 

One day it was actually raining. What is the probability that the 
forecast was. "rain"? 
Find P(d|n) and interpret the answer. 
Find P(n|D) and interpret the answer, 

A poll-taker obtained the following results \rtiep he asked teen-agers and 
adults their reactions to a certain TV program: 

2^% of those interviewed were teen-agers 
6o^ of the teen-agers enjoyed the program 
20/t of the adults enjoyed the program, 

(By adult we mean someone over age 19.) 
If we choose, at rand<»a, one person who was interviewed, what is the prob- 
ability that the person is: * 
(a) an adult? 

an adult who liked the program? 
a teen-ager who liked the program? 
someone who liked the program? 

soceon© who liked the program,, given that the person is a teen-ager? 



(b) 

(c) 

(d) 

(e) 
(f) 



an a^iilt, given that the person llknd the program? 
t 
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t9. Ttie method end reasoning of Exercise S have serious applications in many 
fields. Here is an example from the field of medicine. 

If 8 person has a certain disease, then a blood 'test will reveal 
that fact with probability .90 . Unfortunately this test, like many 
others, yields "false positives". If a person is healthy the test will 
falsely indicate the presence of the disease with probability .05 . 
Suppose further that only 2^ of the population has the disease. A 
pertion, chosen at random from the population, is given the test. The 
test shows "positive". Wliet is the probability that the person is, 
, in fact, healthy? 



|7-5 . Special Exercises 

In this section we present three problems in which you can use your 
knowledge of conditional probability to discover the correct solutions. The 
problems are of special interest because the 'answers seem to be contraiy to 
one's intuition. Tiy to guess the answers before working the problems. See 
the discussion on page IU3 . 

I 

1. A n^w family is moving into the neightorhooa . You learn that 'the family 
consists of a man, wife, and two, .children. ^ 

(a) Lacking any further infcrmM ion, w>.nt ir> the p^-obGlility that both 
children are boys? * 

(b) A friend tells you that he met o^b of the children and that it was o 
boy. v;ith thir new information, what is the probability that both 
children are boys? (Cienrly, the outcome "two girls" hac been 
ruled out . ) 

(c) Your friend supplier' the ^jdditional detail thot the boy he met is the 
older child. Does this knowledge change your Judgment the proL>abil- 
ity of "two coys"': 

2. Consider a "deck" of fcur cards - nee of spades, nee cf hearcs, king of 
spades, king of hearts. ' IVo cords ore chosen at random. 

(a) What is the probability that the two cards are both aces? 

(b) If you Know that at least one ace has been selected, then 
?(two aces j at least one ace) = ? 

(c) •'Does it make any difference if you know that one of the two cards 

selected is the ace of spades? 
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3. ^Is one, is a bit harder. Three identical bags contain, respectively. 



two vhlte, one white and one black, two black marbles. A bag is selected 
at random. (Hie other bags are set aside.) 

(a) What is the probability that the bag selected contains tvo black 
, marbles? 

(b) One marble is drawn from the bag and it is black. What is the 

» probability that the marble that remaint. in the bar is also black? 



7-6. p(e|f) = p(e) 

In several of our examples (Item 9, Section 7-2; Item 32, Section 7-3; 
Exercise 2, Section 7-3) we have encountered situations in which 

P(e|f) P(E) . 

Let us see another example. Refer to the spinner of Section 7-1. 



Blue 




Red 



For this spinner 

1. P(X) = ' . 

2. P(x|blue) = 



3". So, P(X|blue- .P(X). 



Before the spinner is spun we judge P(x) = j 



After zhe spin, if we 



learn that the spinner has stopped in the blue region, we still ju4ge that the 
probability of' X is j . (In sj^-mbols, P(xjblue) = j = P(x).) To repeat, 
our Judgment of the probability of X is not affected by the knowledge that 
the spinner has stopped in the blue region. This is the same type of state- 
ment that was made in Chapter 6 -- event "X'* is independent of event "blue". 

^In general, P(E|f) = P(S) means that the probability of E is the same 
whether we refer to the original set of outcomes or to the reduced set • F . 
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Hence, P_(.E|F-) « P(E) is ^ aathematicel statement of "E is independent 

We have learned (Chapter 6) that if E is independent of F , then 
P(E np) a P(E) • P(F) . Let us see if ve moy obtain this same result by 
, starting with P(e!f) = p(E) . ^ 



1 
2 
1 

3 
1 

3 



P(Xnblue), 



P(xnblue) 
P(blue} 



1 P(xnblue) 

3 " 1 
2 



1 1 

3 2 



i 



k.* For the spinner we have been discussing 

P(blue)^= • 

P(X) = 

P(x!blue) =: . 



5. rrom our formula for conditional probability, we know 



P(x|blue) = 

6. Since P(x|blue) = P(X) we may write 
P(Xnblue) 



P(X) = 



?. Using the numerical valuer of Item 
P(xnblue) 



8. Therefore 

P(Xnblue) =: ^ 



1 



9. Look at the spinner. 'vJhat fraction of zhe spihner i 



I 



both X and blue? 



For the general case, if 

?(EiF) - P(E) , 



then 



and 



P(E) ^ 



p(En f) 



P(EnF) = p(e) • p(f) 



1*1.8 




We have seen that if P(e|F) = P(E) , then E is independent of F end 

that P(EnF) = P(E) • P(f) . Is it also true thot F Is independent of E ? 

We would hope so, since this would agree with our previous ideec ahout indepen- 
dent events. 

Let us bcsume thnt P(E|k) P(E) . 



P(E) • P(F) 



P(EnF) 
P(E) 



P(F) 



10. Since P(E|f) ^ P(E) , we know P(SnF) 



11, Now, by our fo^Tiuljj for conditional probability, 



(Again, you recoil th8^ EflF ^ Ffl E .) 

Ik. Substituting P(En F) => P(E) • P(f) from Iten 10, 
ve hJive • * 

P(FU) - ^ . 



13, ?(F|e) - P(f) means that event F. is independent of 
event 



TO summarize: 

if P(k|f) = P(E) , then 

(a) P(FtE) - P(F^ 

(b) H and F are independent events 

(c) P(EnF) = P(E) • P(F) 

Here are some familiar examples. 



1 
IT 

13 

*1 

IT 

52 ^"^^ 



independent 



A card is to te selected at random from a regular t>2-card 
decri. 

1'*, P( spade) ^ , 

15. ?{8ce) - . 



Ic, ?( spade j ace) = 



17. P( spade and ace) - 



lei. The event "a spade is selected" and the event "an ace 
is selected" are events. 
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1 

2 
1 

3 ^ 
are not 



A die is thrown. 
19* F(2) = 

20. P(less -.isn ^) = _ 

21. P( 2 1 less than ^ 



22. "2" and "less than 



(l^iere are thre^ outcomes. ) 



independent events* 



vare, are 



not) 



23. P(less than U|2) = 



2U. ^ Tvo dice are thrown, one green, one red. Let E be 
the event "green die shows an even number". Let F 
be the event "the sum of the faces is 9"- * 

[A] E and F are independent events. 

[B] E and F are not independent events. 



Here is a case where the answer is not intuitively obvious. 
Of the 36 possible outcomes, I8 are in E, U in F. 

Furthermore, exactly 2 are in EOF. Hence > 

2 

P(E|F) =-f- = |= P(E) . 
35 

[A] is the correct response. 



Exercises 



1* 



(Answers on page 1^6 .) 



Two dice are thrown, one red and one green. Let A be the event "sum is 
10" . B is the event "sum is 7" . C is the event "red die shows 6" 



Find 

(a) P(AiC) 

(b) P(B|C) 

(c) P{A|B) 

(d) p(c!a) 



(e) P(C|B) • 

(f) p(b!a) ^ 

(g) which pair(s) of events are independent 

% (h) which pair(s) of events are mutually 
exclusive 



27 Uslt^ the notation of Exercise 1, find ^ 
(a) P(AUB) ' (b) P(15UC) 



(c) P(AUC) 



112 

120 



In Chapter 6 you worked many exercises in which it was "reasonable" to 
aBsuiae that the events considered are independent. For the exercises that 
follov, it i^ interesting to guess whether the events are independent. After 
guessing, compute the appropriate conditional probability end state whether 
.the events are, in fact^ independent. 

3» Two dice are thrown. Event A: both dice show even numbers. Event B: the 
sum Is 8 • 

Ihe Smiths have three children. Assume that "boy" and "girl" are equally 

likely for each child. Event E: the family includes children of both 

sexes. Event F: there is a,t most one girl. 

HP 

5. Ihe Robinsons have fo^r children. .Events E and F are as described in 
Ebcercise h, 

6. A number is selected at random from (1,2,3, ,12). 
C « (2,3,^,5,^^7) , D = (6,7,11,12) . 

7. Three points P, Q, and R are placed at random in n line. A is the 
event "Q||is to the right of P", and B is the event "R is to' the 

^ right of P". 

8. -Able Batter har/ made 1*^0 hits out of the last UOO times at bat. On 

160 of these ^imes ut there were one or more men on base; he hit 
safely on 50 of these i6o times at tat. Able Batter now comes to the 



plate; H is the event "He gets a hit", 
a runner on base". 



and R is the event "There is 
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APPENDIX 
Oddh 



We often hear such expressions as: "the q^lds are 1 to 1 that a coin 
vlll fall heads", or "it»s 5 tq 1 against a die showing 6". ' 

Ttitet two examples should give ybu a hint as to the relationship between 
^ the \*odd8 in favor of an event" and the "probe.bility of an even^". 

Ttie odds in -favor of an event E are simply a to b, where a and b 
are any two numbers in the ratio of P(E) to P(not-E). (Not-E, you recall, 
is the event ''E doec not occvr".) 

2 

Tot example, if the probabiMity of E is j , so chat the probability of - 

1 2 1 * • 

not-E is r- , then the odds in favor of E are - to - or, core simply, 

•) JO 

2 to 1 . (They are also 10 to 5 ; etc.) 

• Evidently, if the odds in favor of an event E are 9 to b , then the 

odds against E that is, in favor of not-E are b to a . In the pre- 
ceding illustration, the odds against E are 1 to 2 . 

Example 1', Two coins are tossed. A is the event "two heeds". What are the, 
odds in favor of A ? What are the odds against A ? 



1. P(A) = . 

2. P(not-A) = 1 - P(a) = 

-a 

3. Tne odds in favcr of A are to ^ , or 

to 3 . 

U. The odds against A ore to 1 . 

The odds are 1 to 3 in favor of two heodo on the toss 
of two coins, £ind 3 to 1 against* 




We know that if two fractions have the same denoainato , tl.cn the ratio of 
these fractions is the same as the ratio of their numerotorij. llierefore if, 
for any event E , we are jgiver. P(E) and P(not-E) ac fractions with the 
seme denominator, then we can immedihtely state the odds in favor of E . We 
simply reed off the numerators. 




For example, the iratio of j J ^^^^ racio of 2 to 1 

(the 'cMids in favor of £ in the illustration at the beginning). The ratio of 
Ij- to is the same as the fatio of 1 to 3 (the odds in favor of A in 
Example l). * 



Example 2. A die ic tossed. B i^ the event "a number greater than 1' 
are the odds in favor of B ? '.Tii-t are the odds against B ? 



What 



2 
5 



2^ 
1 



P(B) = ^ , P(not-B) = y- . 

h 2 

Tlie odds in favor of 3 are J J 

or ^ to 2 , 

to 1 ♦ 



or 



7. The odds against B are 



to 2 



Example 3. Swat King's batting average is .32;) . V/hiat are the odds in favor 
of C , a hit his next time at bat? The odds against C ? 



.325 
.6T!> 

13 ' 

27 
2 



d. 

9. 

10.' 



P(c) =^ 



.P(not-C)' 



The odds in favor of C are 325 to 
or to 27 . 



11. The odds ag&inst the'hitl^re 



Co 13 , 



or approximately "^o 1 

(an integer) 



If ve know that P(e) ^ p , then the odds in favor of E are in the ratio 
p to q , where q -- 1 - »p . Cuppose we know the oddn in favor of E ; can 
we find P(e) ? ' 



3 to 2 

I 
5 



Suppose, for a certain r>pinner, the odds in favor of red 
ar| 3 to 2 . 

12. Then the ratio of p to q is to ^ 
Hence* P(red) 

\ 

123 ' 



3 to ^ 



5 

, d 



3 2 
5 ' 5 



If you had difficultjf, reread the discussion following 
Item h and complete Itemr 1^ to 17. 

l\. We wish to determine two fractions, p and q , 

where p q - . « 

15. Moreover^ we wish these fractions to be in the ratio 

^2 • ' ^ 

From the earlier discussion, we see that it' is simple to use 
3 and 2 as the numerators of our fractions. Our task 
then is to find a denominator (the same denominator ^or 
both fractions). 



16. 



a. 3, 2 
' d d 



3-^2 
d 



n 

d 



IT- Bu^ p + q = 1 , hence we wish ^ = 1 . Therefore, 

d = 



l3. Finally, p 



2 

□ 



In general^ if the odds in favor of S are a to b , then 
P(E) « 



a + D 



Exercises 

1. Two coins re tossed. V/hat are the odds in favor of throwing both a head 
and a tail?^ V/hat are the odds against? 

2. A die 'is thrown. Al.at are the oddc in favor of throwing a prime number? 
Against ? 

3. A die ic throv^Ti. ^-T.-it are the odds In favor of throwing a perfect square? 
Against? 

h. Jimmy's t>atting average ic .20C . V/hat are the odds in favor^of a hit 
his next tLne at h'-^it? /vgninst? 

5. ^ The team standing rf homeroom 205 is .750 . What are the odds in favor 
of the team's winning their next game? Of losing? 



6. 



ERIC 



Another common expression is that 'a cer-tain event is a "5O-5O bet". How 
may this be intei-preted in terms of probability? (NOTE: Come people even 
say that *'the odds are even"l) 
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Bill teils John that "the chances are 10 to 1*' that there will be a 
mathematics quiz tomorrow. lutemret this as a probability statement. , 

A man is willing to give odds-ef ^ to 3 that the Dodgers will win the 
World Series. If he thinks tl:iis is a fair bet, what is his judgment of 
probability that the Dodgers will win the series? 

* 

If the odds against an event are 7. - to 5 , what is tre probability of 
the event? 



Answers to Exercises 



1. 


In favor: 


1 


to 


1 . 


Against: 


1 to 


2. 


vin favor: 


1 


to ' 


1 . 


Against: 


1 to 


3. 


In favor: 


1 


to 


2 . 


Against: 


2 to 




In favor: 


1 


to 


h . 


Against: 


h to 


5- 


In favor: 


3 


to 


1 . 


Against: 


1 to 


6. 


"50-!)0" 
P( event) = 


or 
i 

2 


5C:50 ' is 


the same ratio as 


7. 


By "chances" 


Bill 


mean 


s "odds". P(quiz) 



10 

11 



Hence, 



(Notice that if Bill 



means that the probability of s test is .90 , he should say that the 
chances are 9 to 1 . ) 

7 " 

5 

12 • 




DISCUSSION OF EXPERIMENTS 



■ Experiment 1-^ ^ 

$, 

Here are the results obtained by the authors, 
1. and 2« 









lkl66 ■ 


53213 








^1353 


35335 


65536 


6im2 




U3253 




53263 


^ 33^^23 


21531 




21H31 


61^235 


>l 26563 


22522 


21355 



Number on die face 





1 


2 


3 


k 


5 


6 


Frequency, first rqw 


' k 


1 


6 


6 


5 


3 


Frequency, second row 


3 


1 


7 


3 


7 


k 


Frequency, third rev 


2 


5 


8 


k 




2 


Frequency, fourth row 


3 


8 




2 


5 


3 


Total 


12 


15 


25 


15 


21 


12 



/ 



3. When we 'throw a die, there is no reason to expect one face to appear more 

then another. Hence we expect tnat out of many throws each number will 
^ 1 

occur about ^ of the time. This meai-.s that in 100 throws we expect 
eagh number to occur about 17 . times. But only about it would be 
quite surprising if our results were nearly on the nose. 

In this example, there are two t'l-iples of like 'digits: the 333 in the 
third row aiid the 222 in the fourth. There are eleven additional pairs: 
a 11, a 22., three 33's, a UU, three 55«s, and two 66«s. 

5. There is one triple of succetisi^e digits in our example: the U56 in the 
second row. Tnere are thirteen additional pairs: two 12»s, two 23«s, 
four 3U»s, three U5«s, and two 56«s. You may ask: are successive 
digits just as probable as like digits? 

6. Our trials yielded no gr =up of f i'.e-of-a-kind. We have one four-of-a-kind 
(22522) and two threes-of-a-k^nf\ 



/ 
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126 



7* This really is surprising! It could happen with en ordinary die, but it 
is certainly very unlikely * This record makes you suspect that sqmeone is 
using a die that doesn't have any U's, 5's, or 6*s, 

.We will now tell you a secret. Tliis row of numbers was mode up in the 
following way. Look at the first row in ouV tabL^ ,of one hundred throws. 
Here it is: 



^ 3 5 5 3 

n u i 

2 3 3 3 3 
What did we do? 



5 3 3 U U 

mil 

33322 



1 U 1 6 6 

i 1 I M 

12133 



•53213 

33213 



1+61+51 

2^231 



2 
* 

3 



When we saw a U , we changed it to a 

Each 5 ' and 6 we changed to a » 

i 

But 1; 2, 3 we did not change at all. 



We were pretending that the die had one face with 1, two faces with 2 
(the real 2, and the U), and three faces with 3 (the real 3, the 5, 
and the 6). Incidentally, of these 25 throws we have: four I's, 
seven 2's, and fourteen 3's. nc5t surprising! 

Bo ye^u remenber .xhe die in'Problem 2 of Exercise 1-2? It hi^s a .^1 on 
one face, a 2 on each of two other faces, and 3's on the remaining 
faces. This is the kind of result youM find with suc^ a die. In fact, 
jf ^ou didn^t have one (you probably didn't), you, could do an experiment 
about it anyway. You could simply u?^^^ ordinary die, and call the U 
"two" and the 5 and 6 "three", just gs we did above. 



Experiment 2-1 . 

1» Our record was: 

G R Y B G P P P. G Y P Y 

We got 6\,redc, j greens, i ye^lcws. 

We hod expected each color to rppear about the seine number of timcc, 
OVelve ti-ials isn't veiy mnny. You ms> want to^ try more. If you and 
several of your classmates put your results togeCher, you wi^i probably 

find that,' in all, about f of the ii^arbles drav.Ti.are red, ^ ore green, 

1 ^ 
and - are .yellow. 



Our record: 



,WBBVWW BWWWWB 

We got 8 whites and k blacks. We expected' about twice as many 
, vhites 83 blacks — but not necessarily exactly twice as^ many. 



Here, is our record; 

^ r 



T H T H T 



^ T T H H H . X ' 

^ We got- 5 heads and, 5 tails! .Did you? It is more like3> that you got 
6 of one and h of the other, and slightly ie^ J.ikely that you got 7 
and 3 . ^You may have 'had some other result, but it is far less likely. 



2» Our record: 



'4' 

3. 







Penny 


Nickel 


T 


T 


H 




T 


H 


H 


T 


< 


H 


T 


H 




T . 


H 


T 


T 


. T ' 


T 


H 



We got no throws with 2 heads, seven with 1 head and 
sthree with 2 tails. Compare our results with yours. 



1 tail. 



We expect fever throws with 2 he^ads in our second experiment than throws 
with 1 head in our first. One way to see why is to think: When I get ■ 
heads on both coins, I heve' to get heads on the penny and on the dime. 
But I'd expect that about half of the times that I get heads on the penny 
I would, gettail^, rather than heads, on the dime. (You may have had 
another way of thinking about this.) 



(a) Tossing a rivet provides an example of a situation in which we have 
no real way of determining the probability of "up" by inspection. 
Certainly you would expect a broad-head tack to fall "up'' more often 
than you yould a long screw with a small head. For a given rivet, 
whatever guess yoa makfe is not likely to be very accurate • We 
guessed 20 "up" for our rivet. - 

(b) Ve actually obtained 9 ^ "up" In 50 trials. 
' (c) Our guess was not very good. 

(d) For our rivet: , 

PC'up") = ^ . 

Experiment 6-1 . 

'l» , (a) O^r record of pairs of draws: 

RY RR GR GY YY GR YR RY RR GR 

GY GG ^ RY GR RY YY GG GR RG * - 

The second color was red eight times, green four times, and yellow 
eight times. Ve expected about of each. There is no reason to 
believe that one color is more likely than another. 

2. (:a) Our results were: 

GR RY RG GG RY GY YG GR BR OT 
YY GY GG YG YR GR RG RY GY YG 

The second col6r was red five times, green seven times, and yellow 
eight times. Again, our results were consistent with the fact that 
one color is just as likely as another. It is probable that yours 
were, too. 

3. As you read the next section, keep in mind your guess about the probability 
of red on both draws in the first experiment. You will find the answer 
there . 

You don*t ne^d to guess in the case of the second experiment. Tlie 
probability of drawing both red in this case is 0 . It can*t be done! 





GO GO ,BG GG HG 
BG BG GR GG GR 



GG GG GR GR GG 
GG GG GR' GG RR 



GG RG GG GG GR 
GG RG RG GG RR 




-hive R on the first spin 10 times, and R on the second spin 9 
%±atBf \ We would expect the number of reds on the first spin and the 



number of reds on the second spin to be approximately equal • 
* * i 

,0n both first and second «pins ve expected more greens tftan reds^ and this 
is vhat we . obtained . In fact, we would expect green about 3 *^tiiaes as ' 
ort^n as red for each spin. 



5* We had 8 RG's and 2 RR*s* This seems reasonable. You would expect 
to get green on the second spin 3 times as often as red.« 



Experiment 7-1. < 

|f :^ r^^- 

1. Our totals (see our results of Experiment 1-5 on page II9): 

Bit- ft. 



if 



2. 
3. 



red X 


: 12 




red Y 


: 15 




green Y 


: 25 . 




blut'x 


: 15 




blue Y 


: 33 


("5" showed 21 times, "6" 



X shows 27 .times out of 100 . 

For us, red shows 27 times 'out of 100 which is a bit less than }- of 

1 ^ 



the times. Blue shows U8 times 



very close to ^ . 



For our resjxlts 
21' 



^ is the fraction of blue X , ^ is the fraction 

^8 27 ... . 12 



of blue, is the fraction of X 



100 100 166 ' 



Mi 



which differs somewhat *from 



J5- 
100 • 
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?30 



We have hQ blue spins. Of these I5 are X . Thus, the desired 



7^ 
8. 



fraction is ^ , very nearly j . • 



<)• ^ - .31 does not differ greatly from ~ - .27 



We have 27 red spins . 



12 
27 



27 
100 

of tiiese are X . 



|~ « ,kk which does differ considerably from .27 • 



. Experiment 7-2 . , ' ^ 

'For your pai^iculsr class, we cannot tell what probabilities you found. 
We ^cexij however, help you check your ^rk. Whatever values you found for the 
probabilities (a) - (p), the following relations should hold (check your 
results). 

P(B) + P(g) = 1 



(i) 
(ii) 
(iii) 
• (iv) 
(v) 
(vi) 



p(l) + p(r) = 1 

p(b|l) + p(b|r) = p(b) 

p(g|l) + p(g|r) = p(g) 

p(l|g) + p(l|b) = p(l) 

p{r|'g) + p(r|b) = p(r) 



You should be able xo see why these relations must be true. 

Here is another list of true relations. The reasons why these must be true 
is the subject of Section, 7-3» 





(vii) 


p(Bn L) 


= P(L) • P(S|L) 




(viii) 


p(Gn R) 


=• R(R) • P(g|r) 


%^ 

b' 




P(L|B) 


p(Bn l) 

= P(B) 


g 


(x) - 


P(R|G) 


p(RnG) 

= P(G) 



If your results do not satisfy all theoe relations, use the information of 
tUe example of Items l)4-l8. Here P(b) = ^ ^ p(BnL) = ^ , P(Bn R) = 

P(b|l).= y , etc. 



1^ O 
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ANSWERS TO EXERCISES 



Section 1-3 ^ - v * 

!• (a)- Fair. There is exactly one face marked 1 and one foerked 3 . All 
• other, results yield a tie. 
(b). Fair. There are three odd -numbered faces (l, 3, 5) and three even- 
M^- ^ numbered facbs (2, 6). 

1% (c) Not fair. You win only if 3 i? thrown, he wins Khenever h, 5 

or 6 is throwh. He has more "chances'* to win than y<ju do."* 

2. (a) Noff air. «^ou have an advantage ther^ are three faces marked 

I > 

**3"> but only one face marked "1". ^ 

(b) Fair. Do you see why? 

(c) Not fair. Only two feces give you a win. while four faces favor him. 

3» (a) Fair. Think about thi^ game. I^t throvs will result in a tie, bat 
throwing two l«s is as likely as throwing two 5«& . 

(b) Fair. This game also takes a bit of thought. As soon as you realize 
that it does not m^ter what happens to the green die you will see* 
th.-it this game is essentially the same as the game described in 
1(b) above. 

(c) We tried -to trick you here. The rule does not enable us tc decide 
who should win if the dice fall with a green h and a red 6 at 
the seme time. Strictly speaking, the "game" is not defined. Notice 
that if we agree to a tie if this situation occurs, then we have a 
true game andrit is fair. 

(d) Not fair. You win only on the throw red 1, green 1. He wins on two 
throws': red 1, green 2 and red 2, green 1. 

(e) Not fair. You might list all the possibilities for the two dice 
(there are 36 of them). You will notice that you win on only I5 
of them while he wins on 21 . 



4- 



Section 2-6. 



.1. 
3- 



6. 



2 
3 
1 

3 



(a) Not likely, although it is possible. The probatility, as you ylll- ' 

1 > 



learfi later, is 



(b) 
(c) No 



1 
2 



3 
5 

25 



and 30 . Pemember, 1 is not 



(a) 

"(b) 

5 
5 

( a ) No 

(b) 0 

i (There a^e 10 primes between 
a prime* ) 

- (You can use o' set of 3 outcomes, all equally likely. For simplicity, 
suppose Mr. Smith has a brpvn hat and e bleck hat. The outcomes are: 

both Mr. Smith's hats; Mr. Smith's black hat and his friend's hat; ^Mr^ 

V 

Smith's brown hat and his friend's hat. 
(a) I ■ 

(c) Mc 



V 



j) drawing the 9ce is oile outcome out of five , while 



in (b) it in one out of four , 
(e) They are increasing. 



ir ERJC 
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Htze ^Is the tree diagrem for 3 draws of a ^narble f rah a box containing 
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Section g-U . ' 

Table showing the set of- outcomes for throwing two dice. 



^^Green 


1 


2 


3 


n . 


5 


6 


•• 1 


(1,1) 


(1,2) 


■(1,3) 


(i,M 


(1,5) 


(1,6) 


2 


(2,1)" 


(2,?) 


(2,3) 


(2,M 


(2,5) 


(2,6) 


3 


(3,1) 


-t3",2) 


(3,3) 


(3,'0 


(3,5) 


(3^6) 


k 


iK^) 


■Ti»,2) 


(»*,3) 


(^M 


(1^,5) 


ih,6) 


5 


(5,1) 


(5,2) 


(5,3) 


(5,M 


(5,5) 


(5,6) 


6 


(6,1) 


(6,2) 


(6,3) 


(■6,M 


(6,5) 


(6,6) 



Section 3-6 . 

!• . Tliere ere 8 equally likely outcomes, only one of which is 3 heads. 

2. ^ . Again, there are 3 equally likely outcomes, Ihis time, the event 
contains three outcomes HHT , HTH , TKH . 

5.1 



35' 7 



/ \ 5 1 
(a) j3 , or ^ . 



or - . Since you did not replace the wh^ite marble, there are 



(c) 



9 marbles -- h white, 3 bleck, 2 red, 

2 1 
E ' °^ IT • 



(a) - 6 

(b) 36 



(c) i 

O 



(O 



Did you notice that your reasoning here is exactly like that fur en 
ordinary die? Having letters instead of numbers on the faces of the 
cubes doesn't change the probabilities. 



6. (a) k 
*' • 1 

(b) i 



(c) 16; i 



(6) ; ^ 

If you had trouble, look back at the tree in Sec. 3-U 



r 




Mi,yf* notice thet the table has been constructed by counting ends of branches 
on tree diagrams. You may wish to construct further diogrems. 

1 1* 6 1* 1 ' 

(^H) (3H,1T) (2H,2T) (1H,3T) (Ut) 

1 5 ^ 10 ' 5 ' 3. * 

(5H) (UH,1T) (3H,2T) (2H,3T) (1H^1*T) (5T) 



U-*eoin8: 



5*coin8: 



8» or . There are l6 outcomes in all for k co 

b:^ lb 'it 8 



ins. 



.outcome 
5 heads 

U heads, 1 tail 

3 heads, 2 tails 

2 heads, 3 tails 

1 head, U tails 

5 tails 

The sum is 1 • 



probability 

32 
5. 

. 32 

10 
32 ' 

10 
32*' 



or 



or 



5"^ 



5. 

32 

_1_ 

32 



10. 3 heads and 2 tails, 2 heads and 3 tails. Each of these events has 
probability ^ > °^ ^ • 



11. 



6 • 3 
SIT' - 



32 



I 



I 
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'56 



12. jgr . « "Hie tree diagram foi this Iprobiem is: 
^ . Spinner k 



Red, 



Yeliov 



Blue 



There are 18 possible outco.nes. 




Section U-U. 



3. 



(a) 



152 
1600 

19 . 
200 



or 



19 



200 ' 
2000 = 190 



or 0.095 



0.333 (Notice that we are ignoring such things as the skill of the 
opposing ^itch^ to be faced the "next time at bat".) 

120 

Insurance corapaniec keep careful records on accidents with related infor- 
mation on age and sex of drivers. These record show that male drivers 
under 2^ years of age are more apt to be involved in Accidents than are 
male drivers oyer 2> years of age or female drfvers of any age. Account 
would have tc be taken of the percent of an age group by sexes that drive 

cars, the number of drivers who had accidents, and the number of drivers 

^ 

that \«ere not involved in accidents in a give^^ period of time. 

' 130 



1.37 



5. 


(a) 


69,517 






(b) 


None 




6. 


(a) 


97, 97b ' ^'^-^ 


\^ 




(b) 


p _ 35^837 ^ -,7 
^" 97^978 ' • 




7. 


(b) 


Not for setting insurance rates. Come of the 


data would be obsolete. 




(c) 


Take the results of studying many people at various ages for shorter 


* 




lengths of time. 




8. . 


(a) 


100,000 ' °^ • ' » 






(b) 


0 




9. 


The 


man at age 6c . His chance of living another 


10 years is less than 




the 


others, so the insurance company would have to 


charge him more fqr 


♦ 


the 


extra risk the company would take. 





10 • ^(^^ " 20 ' ^^^^ ~ io * Sunshine seems more likely. Note that on 
cloudy days with no rain neither event occurs. 

11. Our results (see discussion of Experiment 1-5 ): 

' P(I) = .12; P(2) = .15^^ ?(3) = .25; P(i|) = .15; ?(5) = .21; 

P(6) = .12 . • 

2 1 

12. Our results: ?( three cf a kind) ^ — ^ .IC ; P(four of a Kind) = go ^ 

P(five of a kind) = 0 



Section 'y-Oj 



!• (9), (c), ore pMrs of niutually exclusive events. (t) is net. 

6^ ^ 2 
iSco 5 

P(/"UH) ^ ?(a) * P(P) 



2. 



il:*' 'j/ents ere mutuolly exclusive, so've use 



132 ^ 506 6i;0 
T5oo ' TSoo ^ 
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^^8 



(a) 



9. 



10. 



(a) 
(b) 



6. (a) 

7. (a) 

(b) 
(c) 

8. ^ (a) 

"^(b) 
(c) 
(d) 



(a) 
(b) 

(a) 
(b) 
(c) 
(d) 



No. If A is the event "number is even" and B is the event 
"number is greater than 3 ", then AfVB = {h,6). 
2 

3 ' 

Alternatively:' 'AUB = {2,14,5,61*; AUB has k outcomes, and ell 
possible outcomes are equally likely. P(AUB) 



P(AUB) = P(A) + P(B) - P(AnB) = I + I - J = f ' 



k 
5 



k 
9 

3 

9 ' 
18 



°" 3 



(a) ^ 



2 

^ , or - 



k 

100 
20 
100 

100 

10 . 



2 

°" 3 



(c) 

(b) 

(b) 



7 
9 
2 
9 

J. 

2 



or 5 



or - 





1 




1 


or 


IT 




1 


or 


5 




7 


or 


20 



Hi 



Call the boys .A, B, C and th^ girls D and E . 
The possible pairs are AB, AC, AD, AE, BC, BD, BE, CD, CE, 
DE. (Note that AB and 3A would not count as different pairs^) 

i- 
10 



AB, AC, ,^iid BC. (e) 



1 

6 

3 
1 

16 



(g) j| 

(c) U 

(d) I 



U6 = 9 -^'ll - ii) 



5 swim only in the morning; 7 swim only in the afternoon. 
16 8 
22' °^ U 
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139 



111 



Section 6^6 . 

1. (a) Yes. Regardless of the result cf the first throw, head and tail are 
equally likely on the second throw. ► 



3. 



(a) P(both on red) = | • i = J 



2 2 
1 1 



(b) P(both on green) 

(c) P(A on white and B on blue'> 



1 

2K 



1 

IT 



1 



1 

2¥ 



9 



9 



16 
51 



^ . Note that in this case the events "white on the. first draw" and 
"white oi\, the second drp"" are not independent. An appropriate tree shows 
9 possibilities (all equally likeiy) for the first draw, each with 8 
equally likely branches. Thus, there are 72 equally likely outcomes in 
all, of which 12 are in the event "two w!)ite marbles". 



5. (a) I 



1 



1 

IT 



(^) IT 

Note that'under +he assumption each bii-th is independent of the others. 
The tree here is exactly like that for two coins. 



(a) .090 



(b) .510 



The everlts are independent; 
hencar PfAH b) = P(/0 • P(b) 

= (.320)(.28o) 

=-'.0896 

- .09 . 

?(AUB)''= P(A) P(P) ^ r(A0-3) 
* - .320 ^ .280 - .09c 

- .>I0 . 



(a) 
(b) 



35 > 837 
atout 



or about .3ii7 
P(An e) 



(c) about 



P(A) .^P(B) = (.387)'' = .150 
P(AUB) - p(a) + r(B) - P(AnB) 

- .'5^7 + .387 - .150 = .62i| . 



ERLC 



133 



0. * (a) P(\)lack fron>. first be<^) = | , 

P(black from second bag) = 5^ • ' 

These are independent events; hence 
F(bcth Slack) = | 

(b) P(blue from first bag) = | . 
P(blue from second bag) - — . 
P(both blue) = ^ . A = ^ .. 



15 135 ^ 27^ 



. (c) P(one^of each color) = #1 - + ^) ^= g. . 

9. (a) P(both green) = ^v.. Make a tree. Using B^, B^, for the blue 
socks and G^, for the green, we have: 



First draw 



Second draw 





etc . 



The tree shows that we have 20 equally likely outcomes, of which 
2 G^G^ ond G^G^ --'are in the event "'2 greens". ^ 

6 



(b) P(both blue) = 



20 



or 



10 



(^) P(one blue and one green) 1 - + ^) 



6_ 
10 



Notice that we cannot use the idea oT independent events for this problem. 
In later chapterc you will find easier ways of doing problems of this sort. 



• 1.41 



l#S'%or' BveAt;A: Mr, A solves the problem 



* Event B: Mr. B solv^« the problem* 



/ * 2 1 

Event ttot-A: A does not solve the problem. P(not-A) 1 - = r- 

5 7 

Event not-'B: B does not solve the problem. ,P(not-B) = 1 - ^ = ^ 



12 • 



ta) P(not-A n not-B) = J • ^ = ^ 
(by 'PCA 0 not-B) = I • ^ = 5^ > 



7 

l5 



(c) P(not-A n B) = i • 3I = ^ • 

(d) \P(AnB) = |^-<^=i§. 



(e) P{AuB) = 1 - P(not-An not-B) = 1 - = || 

11. Ihere are 2 = 64 ways that the . 6 coins may have heads 'and tails 
appear. There is only one way that will not have at least one heed 
(6 tails). Therefore, 

63 



1 6^ 

P(at least one head) = ^ ' glj" = 



12. The list of possible draws of 3 sticks (the oi^er in which they are 
picked does not matter): 

5, ^, 3 5, 3, 2 h, 3, 2 3, 2, 1 

5; 5, 3, 1 ^, 3, 1 

' 5, ^ 1 5, 2, 1 . h, 2, 1 

The possible draws for a triangle 'are 5> 3 and 5, U, 2 and 



13* 



11 



P( triangle) = ^ . 

(There ai^* 36 e'qunlly likely outcomes. 
P(sum' is odd) = ^ > ' * 



P(3uin is less than 5) = ^ J 
P(sum is odd or less than 5) 



r . 1 
2 



11 



lU. 
15. 



(a) 




- — '•""'"(b) 1 


(a) 


11 

15 


(c) a 


(b) 


8 


(.) g 
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' . 'ot**^*Ke outcOTies aust be 1 *) 



^frf >tAy^« I- i 1 ?{B) « ^ ; P(c) 




1^ 



fiectlon 7-1. 



,jP{blue) = i . 

P(blue X) = I 
Yes. 
^es. 

^ P{gr^n) 
No. P( green X) 



1 1 

5" 2 



1 
3 



1 



Q which is not equal to p( green) • P(x) . 



X covers -x of the red i^gion. If the spinner stops on red, then the 

1 

probability that it also stops on X ' 



No. 



P(red X) = I , while P(red) 



p(x) = I 



1 

3 



1 

9 



Section 7-2. 




Section 7-3 . 

O. (a) P(EjF) 



P(EnF) ^ 
P{F) " .5 



.2 



(I,)- P(P|E) = 2^ 



.1 
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All outcomes are equally likely in S. 



p(y) = 



10 



p(EnF)' 



10 



1 

5 



All outcomes are equally likely in 
P{E|F) =1 . 



All outcomes are equally likely in E. 



P(F|E) =1=1 



143 



^^^T^^N^jice in this case: . P(a|b) = P(A) , 
'/ ^ ; -^(31 A) =:^P(B) , 

fc|f . and^ : ' P(AnB) = P(A)' • P(B) ; 

* that is^ recalling Chapter 6, events A an^L,- B are independent. 

(a) P(X|.Y) = -f- = I • 

..... .u< ■■ • ■ i;: 

i 



. /j^.f Tit 



(b) p(Y|x).= -|-.|. : 

If. / (a) P(A|B) = ^ = 0 . 

(b) Pv'BlA) = -|.= 0 . / 

5. (a) Since r(EiF) = , we have .6 = . 

c Therefore, PCEn F) =*(.6)(.5) = .3 . 

Notice that we did not need to know P(e) . 

V 

(b) P(EUF) = P(E) + P(f) - JCeHF}. 

= .7'+ .5 - .3 = .9 ' ^ 

6. (e) P(EUF) = P(E) +'P(F) - P(En F) / 



.6 

p(En f) 



.It •+ 
.2 . 



p(En F) 



(b) P(E|F) = tI = I (or .5) . 

(c) ^ P(F|E) ;|| = I . 

, " Notice that P(e|f) = P(f|e) . Bo you see why it turns out this way? 
Look at P(E), P(F) . 

. % 

7. If 2 and F ere mutually exclusive, then EOF = 0 and P(EnF) = 0 



Hence, 



P(E|F) = = 0 



P(F|G) = p^ = 0 . 

8. If ^Ef is 6 subset of F, then EOF = E 

P(E|F) "^^^^ 



Therefore, 



P(F) 



IS 
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Section ^ 

'/ 

1. (a) Biere are 3 vowels and 5 letters. (All letters ere equally 

likely.) ^ ^ 

P(a vowel) = I- • 



(b) There are 3 vowels in the reduced 'set of outcomes. ^ 

P(oja vowel) = i . 

(c) b is not a vowel. ^ 

P(b|a vowel) = 0 . • 

(d) There are 2 consonants. 

P(t|a consonant) = ^ • 

2. (a) Possible favorable outcomes in the form (red, green) are {3,'^-)) 

(1,3), (2,2), (2,1), (1,2), an'd (l,l). 

P(sum un^er 5) = • 

(b) Of the favorable outcomes in (a), only (2,1) and (2,2) are now 
possible since all outcomes with a red 2 are (2,l), (2,2), 
(2,3), (2,i+), (2,5), and (2,6). 

P(suin under 5|red die is 2) = j . 

(c) Since the red die is 5 and the green die is at least 1 , the 
sum cannot be 5 or less than 5 • Thus, 

P(sum under 5|red die is 5) =0 . 

(d) In (a), of the six outcomes whose sum is under 5 , four have the 
green die an odd number. The reduced set of outcomes with the green 
die odd has 38 'elements. 

2 

P(sum is 5|green die odd) = - . 

3. (a) S = (a,b,c,d,e,f,g,h;i} ' (9 elements) ; 

E = (a,b,c,e,g} (5 elements) ; 

P(E) = I .* ' 

(b) F = (b,e,f,g,h,i} (6 elements) ; 

P(F) = f = f . 

(c) EOF = {b,e,g} ; 
3 _ 1 



P(E|F) = t = I . 
'(d) P(F|E) = I . 



-EMC H5 



(a) P(lted) = ^ = J • 
0>Vp(i)=^.i. / 

(c) P(Redni) = 3j . 

(d) P(BlueU2)"= 3^ + 51-51=^ 



1 
2 



12 



1_ 

12 



(e) p(Red|l)=^(|ff^ = 
(.) pa„ed)=^|l^ = 

(g) p(2) = 



1 

(h) P(2|Vhlte) = 



1 

3 



1. 

12 



(i) p(white|2)= P('^g"^) .-Il-, 

IT 

5" 



1 

3 • 



(K) P(PedlOdd) = Jf 



12 



1 
3 



* _2_ ^ifc-' 

M\ T.'Tn.,l \i\ P( White ni») 12 2 



12 



Notice that, in je), (f), (h), (i),-(j), (k), (l) we didn»t need to use 
the formula. We could have merely counted - since the areas are equally 
lik.^ly. For (k), there are 6 "odd" oatoocies fa..d c^' these 2 are "red". 
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5. (a) If we taow that o black is removed on the first draw, then 1 black 
^ end 2 whites -ere left* ' ^ 

(b) It would be impossible to get a black on the first dro*. if we .got f^j^ 
a black on the second and 'third draws. 

P(B^|B2B2) = 0 . 

(c) If you know that a white is to be drawn on the second draw, then 
onl^r 1 white is available for the first draw. 

HbJw^) - I . 

(d) P(W^jB2B2) ■= 1 , since blacSc on second and third draws leaves only 
white for first draw. 

Not tha+ j.t was easier to find these answers without using the formula. 

6* (a) We must have P(S)^= 1 . Adding the given probabilities, we obtain 

^ .92 . Therefore the probability of outcome d is .08 . 

(b) P(a) = .12 .lU + .16 + .08 ^ .50 . 

(c) P(B) = .16 .08 + .12 = .36 . 

(d) P(AnB) = .16 + *08 = .2ii . 

(e) P(AUB) = P(A) ^ F(B) - P(AnB) 

= *50 ^ .36 - .2h 
- .62 



(.) PU,B) = ^.-i^ = ^=| - .67 
(g) P(B|A) = ^11^=^= .U8 . 
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(a) We have P{R) = ^ . (Rain was predicted for 50 of the 200 deys.) 
P{WnR) « . (On 30 days rain was predicted and it did r&in.) 

Hence : 

P(vet, given "rain forecast") = P(w|r) « = |. = ,6 . 

^0 5 
200 

!S!hBt is, if the forecast is "rain", the probability of rain is .6 

(b) P(W).^., 

P(rain forecast, given wet day) = P(r|w) = g^ - = | = ,5 . 

200 

^Gt^ls, if it is 'a wet day, there is a probability of ,5 that 

(c) P(N)=|§, P(BnH) = i§ . 

120 

P(d|n) = ^ = 15 = 5 = -9 • 

200 

I 

That is, if the forecast is "no rain", the .probability of a dry day 
is ,8 ; 

(d) P(D) . |§ . . • . 

120 

200 • * * • 

That is, if it is a drj* day, the probability that the weatherman 
predicted it is .86 , 
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|8« Let T be "a teen-ager was' chosen" 
A be "an adult was chosen" 
L be "the person chosen liKed the program"^ 
D "be '*the person chosen did aot like the prograV . 

(a) P(a) .75 * (since P(t) = .25) 

(b) PUriL) = .15 (20^ of 75* io 15^) 

(c) P{TnL)=.15 (60^ of 25% is 4ig8in 15^) 

(d) 1*0 find P(L) ve reason: anyone who liked the program Is either a 
member of AflL or of Tfl b . Since these sets are disjoint (no 
one is both A and T), P(L) = P(An L) P(Tn L) 

/ ' - .15 + .15 

= .30 



.60' (Not surprising!) 



.30 



.50 



|9« Let T be ^he event "test shows positive" 

N te the event "test shows negative" 

H be the event "healthy" 

D be the event "has the disease" . 

We wish ?(h|t) . 



'Now * ?(H) = .9^ 

P(rfnT) = .0^*9 

p(r)riT) " .Old 

P(T) - P(KnT) - P(DnT) 

^ .0^*9 - .01"^ ^ 

- .067 



(5f of 98^ is k.sPj 
(90t of 2^ is 1.8^) 



Therefore 



?(hIt) 



Notice the import&nce of this result. If people ere tested "at random", 
almost ^ of those with a "positive" test are, in fact, healthy. 

Thd numbers used for this exercise do not reflect any real test for a 
real diseace. Some medical tests yield fewer false positives, etc., but 
the basic problem for medical diagnosis is quite important. 



t erIc 
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if- -■ 

fe-'- TSeetlon 7-5. 
^ ■'. • 

!• (a) !J!aking the assumption that boys and girls are equally likely and also 

assuming that the sex of the young;er is independent of the sex of the 

older, we. have the set of equally likely outcomec. 

S = (BB, BG, GB, GO] . 

{"By "GB"'*we mean that the older child is a girl, the younger a boy.) 
Since each of these four outcomes is equally likely, P(BB)^ - jj- . 

Xh^Our set of equally likely outcomes is jiow reduced to 

= (BB, BG, GB) . 

P(BB) = j • 

Alternate solution to (b): Referring to S : 



1^ 



So 



P(B^' end at least one bey) = jj- 
P(at least one boy) ^ jj- . 

1 

P(BB|at least one boy) = -y- = j 



(c) Our set of equally' likely outcomes is now 



= (BB, BG] 



P(BB) = I 



Alternate solution to (c): 

P(BS and older is n boy) = ^• 
p( older is n boy) ^ . 



So 



^ 1 

?(B£|clder is & boy) = -y- = ^ 

2 
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2. (a) Tlie set of poscible two. card selections is 

*^^s\^ ^s^s^ ^s^^ ' ^^^^^ '^s inean^the 

ace of spades, etc. Again, assuming that each selection is equally 
likely, we have ?{A^J^^) = ^ • 

(b) Knowing that at least one ace hns been selected eliminates K^K^ 
8S^ a possible outcome. Our reduced set of outcomes nov has five 
equally Likely members. Hence P(AgA^|at* least one ace) = j . 

Alternate solution to (b) : 

P(A^Aj^n at least one ace) -= ^ . 

?(at least one ace) ^ • ' 

1 

?(A^A^ |at least one ace = = ~ . . 



(c) If we know that the ace of spades ^is selected, our reduced set of 
outcomes, is 

Alternate solution to (c) : 

p(A^A^n A^) - I , since A^A^^n A^ = A^A^ . 

P(A ) = ^ . ^ ..-^-^ - . 

G O - 

3» (a) Since ef^ch bag iz equally likely, ?(2 clack) = j , 

''I) Btd you guecc i ? T^as seems reasonable since we know that the bag 
with two white balls v-^as not selected. Let's analyze a bit more 
carefully. 'n^Av^ of tr.e b^gs being I, II, III . Bag I contains 
two white marbles, /v^, W^; bag II contains W--, ,E^; bag III 
contains b^, B^. V/e mfiy think of the problem in three stager. 

(1) VAiich bag is selected? 

(2) which color marble is drawn? 
^3"^ Wnlch color m^^rble remains? 

A tree diagrnm mr-jy help. 




Remaining 




III 




i 



At the beginning, then, there are six equally likely outcomes -- 
two of which involve bag III (two black irarbles). Since a black 
marble was drawn, we consider only the brancl'/»s: 



III 




Therefore . 



PU'-'O tloc.^jfirst black) --■ ~ (not | H) 
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Section 7-6 . 

r 

1. A= {(6,«^), ik,6), (5,5)1 

,B = {(1,6), (2,5), (3,U), ('*,3), (5,2), (6,1>) 

C = {(6;^'), (^,2), (6,3), {6,h), (6,5), (6,6)) 

By (6,^), for example, we mean (red 6, green U). AH B ^ , 
Anc = {(6,U)}, BtlC = e(6,l)), so that P(AnB) = 0 , 

p(Anc) = ^ , p(Bnc) = ^ . 

■1 1^ ' . 

(a) P(a!c) =-^=1 . (e) P(c|B) = -f--^ 

35 35 
1 

• (b) P(B|C) = = I ' (f) p(b|a) = 0 

35 

••(c) p(aIb) = o (g) P(A)=^.= 5^, P(B)=^ = | 

p(C) = ^ = i- . Comparing with 

^ (a), (b), (c), we see tfist only 

, . , , , ^ - 1 B and C are independent. 

(d) p(c|a) = = J 

3^ (h) A. and B are mutually exclusive. 

2. (a) P(AUB) = P(A) + P(B) = ^ + ^ = (A and B are mutually exclusive.) 

(b) P(BUC) = P(B) + P(C) - P(Bnc) 

< = P(b) + P(C) - P(B) • P(C) (B and C are indeoendeni. . ) 

1 1 /I 1\ 

6 6 1^1- 
. " 35 35 " 35 55 



(c) P(AUC) - P(A) * p(c) - p(Anc) 
3 6 1 

= 35* 35 ■ 35 

8 h 
= 35 ' °^ 9 • 

.N'otice that P(Anc) ^ P(a) • P(c) 
1/3 6 
35 30 35 
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There are three ways for each die to show even* Kence, there are nine ways 

9 1 

for them both to show even: Jp(^) = ^ - IJ" • 

B is the event {(2,6), {3,^hA^^), (5,3), (6,2>1 . 

P(a|b) = ^ , since three outcomes of B ^re also in A . 

P(a|b) ^ P(A) , so the events are not independent, 

Thei^ are eight possible outcomes: bbb, bbg, bgb, etc. (where we 

list the sex of the eldest child f>rst). 

* E = .,{bbg, bgb, gbb, ggb, gbg, bgg) 

P(E) -l-i 

F = (bbb, bbg, bgb, gbb) 

P(e|f) = ^ } since three of the elements of F are in E . 
P(e|f) = P(e) , so the events axe independent. 

After working Exercise it is intuitive to guess that E and F are 
independent, let's see, 

There are sixteen outcomes: bbbb, bbbg, bbgb, ,,,, etc, E contains 
fourteen of these outcomes (all eicept bbbb and gggg). 

F fbbbb, bbbg, bbgb, bgbb, gbbb] 

?(e|f) = ^ > so the events '^re not independent, 

P{C) = -1 . i 

P(c|d) - ^ . so C and D ore independent. 



Surely, it seem obvious that the placement of P dees not influence 

the-pleeement .oX Q relatiA/e to P Is it really obvious? The set 

of possible orders of placement (reading from left to right) is 

fPQB, PPQ, QPP, QPP, RPO, BQP) 
* 1 
A - fPQp, PRQ, RPQ) , P(A) = - (obvious! j 

B = fPQJP., PRq/oJPP} , P(a|b) = I (obvious:?) 
, A and B are not indepenaent events. 



lli7 
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H and R are not independent, 
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